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Control of a Snake Robot for Ascending
and Descending Steps

Motoyasu Tanaka and Kazuo Tanaka

Abstract—This paper proposes control method for a snake robot to
ascend and descend steps. In a multi-plane step environment, it is
necessary for locomotion to transfer from one plane to another. When a
snake robot moves, it touches several planes as its body is long and thin.
In this paper, we propose a control method to track the trajectory of a
snake robot in a step environment. We decomposed the three-dimensional
motion of the robot into two simple models by introducing an assumption
that simplifies the model and controller, and derive a model of the robot
as a hybrid system with switching. The control method consists of a
tracking controller, a method for shifting the robot’s part connecting the
planes, and active lifting to control the shape of the robot. Ascent and
descent experiments confirm the effectiveness of the proposed controller
and the method for shifting the connecting part of the robot’s body.

Index Terms—Snake robot, Step climbing, Switching constraints,
Redundancy, Kinematics.

I. INTRODUCTION

Snakes can locomote in various environments, e.g., on uneven
terrain, along walls, underwater, and in trees, despite their simple
limbless bodies. Snake robots are expected to be able to locomote
in similar environments. However, it is difficult to control a snake
robot owing to the large number of actuators and because it moves
by utilizing the friction force of its body. This paper deals with
a snake robot that moves by using the friction of its body and a
bending motion without generating propulsion through active wheels
or crawlers.

Hirose has been developing the snake robot [1] as an “active
cord mechanism” since 1972. The robot locomotes by “shift control”
where the bending motion of the frontal segment shifts to rear
segments. The computational cost of the method is small and the
method is suitable for a snake robot, which is a resource limited
system because of its thin body. The method has been used not only
in snake robots, but also in articulated mobile robots [2]–[5], which
have a mechanism to generate propulsion directly. Recently, there has
been an increase in the number of studies of a snake robot focusing
on intended three-dimensional rather than two-dimensional motion.
A backbone curve [6], representing the curve of the body of a snake
robot, has typically been used to generate three-dimensional motion.
The backbone curve and its extension were proposed for multiple
three-dimensional gaits, e.g., sidewinding, pole climbing, and helical
rolling [7]–[10]. In these methods, the body shape is defined using a
continuous curve or joint angles, and the robot moves using a shift of
the body shape as shift control. However, no mathematical proofs for
tracking the desired trajectory have been provided for any of these
methods.

Tracking controllers of a snake robot for a two-dimensional plane
were proposed in [11]–[19]. Two modeling methods are mainly used
to implement tracking controllers for snake robots. The first method
considers anisotropic friction of the robot’s body [11], [12]. Liljebäck
et al. proposed a straight line path-following controller for the center
of gravity [11], [12]. The model used in the controller is based on
the dynamics considering anisotropic ground friction. However, this
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model is more complex than that based on another method described
below and the robot’s head cannot track the desired trajectory in [11],
[12].

The other method considers velocity constraints, which prevents
the body from slipping sideways [13]–[19]. Prautsch et al. accom-
plished stabilization of the position of a snake robot using Lyapunov’s
method, but the robot converged to a singular configuration, e.g.,
a straight line or an arc [13]. Methods for singularity avoidance
of a snake robot were proposed by [14]–[18]. Date et al. avoided
singularity by considering dynamic manipulability [14], while Ya-
makita et al. did so by reducing the constraint force in a head-
raising snake robot [15]. Dynamic modeling was used to consider
the dynamic properties in the controller design, but there is a trade-
off between singularity avoidance and convergence of the tracking
error in [13]–[15]. Snake robots can effectively search narrow spaces
and are remotely controlled using sensors on the robot. Trajectory
tracking of the head is important because the operator generally
controls the articulated robot by indicating the desired direction of
the head [20], [21], [26]. Matsuno found that the introduction of
links without wheels turned the robot into a kinematically redundant
system. He proposed a controller that accomplishes both trajectory
tracking of the robot’s head and subtasks like singularity avoidance
using redundancy based on kinematic [16] and dynamic [17] models,
and with other subtasks for a head-raising snake robot [18].

In the case of three-dimensional motion on a plane, the main
problem is determining which parts of the body of the snake robot
should be grounded and which should be raised. We proposed a
model and controller considering the switching of grounding parts
and obtained tracking motion with moving obstacle avoidance [19].
With respect to control in a smooth three-dimensional environment,
trajectory tracking control on a cylindrical surface has been proposed
[22]. However, there have been no reports of tracking of the desired
trajectory to control snake robots in three-dimensional discrete envi-
ronments like steps and stairs.

Many articulated mobile robots with a similar shape to the snake
robot, have been developed [2]–[5], [20], [23]–[27]. These robots
have several segments serially connected by joints, and each segment
has a mechanism to generate propulsion directly, e.g., active wheels
and tracks. For articulated mobile robots, there are two well-known
control methods, “follow-the-leader” and “n-trailer.” “Follow-the-
leader”, used in [2]–[5], [24]–[27], is a method in which the robot
is controlled by having all segments repeat the motion pattern of
the first segment. This method is similar to shift control in snake
robots. The motion of following segments is defined by shift control
in [2]–[5], using inverse kinematics as all the segments follow the
path of the first segment in [24], and by approximate discretization of
a continuous curve in [25]–[27]. The “n-trailer” control method used
in [20], [28], is a method in which the motion of the whole body is
treated as a active track pulling n passive trailers connected behind
it. The following segments move in a passive manner based on a
kinematic model. This method is similar to the tracking controllers
of the snake robots in [13]–[19] because the model used in the method
is derived using the same assumption, which means that the wheels
do not slip laterally. In three-dimensional environments, KR-I [2]
climbed stairs, an articulated robot for sewer inspection [24] climbed
from a horizontal plane to a horizontal pipe, ACM-R4 [25] climbed
onto a chair, and ACM-R4.1 [26] and R4.2 [27] adaptively moved
forward on uneven terrain by shift control with compliance control
using torque sensors. These robots do not need to undulate laterally
because the propulsion is generated by active wheels and tracks. Thus,
since a snake robot must undulate laterally to obtain propulsion force,
the methods for articulated mobile robots cannot be applied to it. In a
snake robot, cooperative motion between the horizontal and vertical
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Fig. 1. An n-module snake robot.

motions is needed in a three-dimensional environment.
This paper proposes a control method to accomplish trajectory

tracking of the robot’s head and moving up and down in a step
environment consisting of two horizontal planes. We model the snake
as a two-dimensional snake robot in which the grounding condition of
the wheels switches dynamically and the length of the projection of
links changes on a plane, by devising the motion of the “connecting
part,” which is the part of the robot’s body connecting the two planes.
We propose a controller based on kinematics to accomplish trajectory
tracking considering the condition of the robot straddling two planes,
and a shifting method for the part of the robot connecting the planes
to accomplish moving from the front plane to the rear plane. The
proposed shifting condition prevents collisions between the robot
and the step during descent. Experiments show the effectiveness of
the proposed control method. The proposed controller comprises a
framework for a tracking controller incorporating shift control as a
component. The joint reference for horizontal motion to ascend and
descend a step is generated as shift control using the follow-the-leader
method for articulated mobile robots, while the lateral motion on the
upper and lower planes is calculated considering horizontal motion
as traditional tracking controllers.

Our goal is to achieve autonomous control of a snake robot
for search and rescue operations arising from some disaster in a
rubble-strewn habitation environment, e.g., a collapsed building and
underground mall. The habitation area is an artificial environment
containing planes, e.g., walls and floors, and smooth curved surfaces,
e.g., pipes. Locomotion is possible in the area in that the robot can
locate “available areas” for traction and to generate a propulsion force
and can move through the areas avoiding obstacles. However, if the
available areas are not adjacent, the robot has a problem moving from
one to the next. In this paper, we focus on two parallel planes, which
is one of the simplest configurations of pairs of available areas and
derive a model and design the controller to implement a shift of the
robot from one plane to the other. Although two parallel planes is a
simple configuration, the controller can be applied to the motion of
stair climbing, which is a more difficult field to maneuver through in
a habitation area. Here, we apply the proposed controller to climbing
stairs, while dealing with other pairs of surfaces, e.g., non-parallel
planes or a plane and curved surface, is left for future work. The effect
of gravity on the locomoting robot is not large in this study and the
robot can locomote using the proposed controller based on kinematics
since the assumed environment consists of two horizontal planes.
However, it would be necessary to consider a dynamic analysis in the
case of two nonparallel planes because the effect of gravity would
play a major role in this case. Considering these dynamics is left as
a future work.

II. MODELING

We consider an n-module snake robot as shown in Fig. 1. The
module of this robot has a yaw rotational joint and is connected
in series via a pitch rotational joint. The passive wheel is coaxially
placed with the pitch joint and velocity constraint, preventing side slip

(a) Descending case (b) Ascending case

Fig. 2. Step environment and a snake robot.

Fig. 3. Ascending phase of the snake robot. The snake robot (a) locomotes
on the rear plane, (b) raises its head when approaching the front plane, (c)
locomotes while shifting between the two planes, and (d) locomotes on the
front plane.

from occurring if the wheel touches the ground. The snake robot can
perform the same locomotion as a living snake by bending its joints
appropriately considering the velocity constraint. lf0 is the length
from the anterior end of the link to the axis of the yaw joint, lb0 is the
length from the posterior end of the link to the axis of the yaw joint,
and L = lf0 + lb0. Let ϕi be the yaw joint angle of the i-th module,
ψi be the pitch joint angle between the i-th and i+1-th module, and
let us define ψ = [ψ1, · · · , ψn−1]

T , and ϕ = [ϕ1, · · · , ϕn]T .

A. Step environment

Fig. 2 shows the step environment and the snake robot discussed
in this paper. The environment consists of a step of height h against
the xz-plane in the absolute coordinate system Σxyz in the step
environment, which is spatially uniform to the y-axis. The robot
moves down the step if h < 0, and up the step if h > 0. In the case
where the snake robot moves in a step environment consisting of a
number of planes, it is necessary for the robot to generate propulsion
force by touching its wheels on each plane. The snake robot can
locomote in this environment by moving both the parts touching the
planes and those connecting the planes, although this is difficult to
control as the model is a hybrid system involving dynamic switching
of the touch conditions between the wheels and planes.

We can break down the ascending and descending motion on a
step into four phases. Fig. 3 shows the ascending phase of the snake
robot. Realizing the movement in (a) and (d) can be accomplished
by the methods in [11]–[14], [16], [17], while that in (b) can be
accomplished by the method proposed in [15], [18]. Thus, this paper
focuses on locomotion while shifting between two planes as shown
in (c).

Regarding the robot, we call the part whose wheel touches the front
plane of the step environment the “front part,” that whose wheel
touches the rear plane the “rear part,” and that between the front
part and the rear part the “connecting part,” as shown in Fig. 2. It
is preferable for the connecting part to be shifted back and forth
depending on the motion. For example, we consider locomotion in
the direction of the x-axis from the state shown in Fig. 2(a) with the
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Fig. 4. xy-projection model of the snake robot.
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Fig. 5. The yaw angle of the connecting part and wheel axes.

connecting part fixed. The load on the pitch joints increases with
an increasing number of ungrounded wheels corresponding to an
increase in the distance of locomotion. As more wheels touch the
ground and the load on the joints decreases, it is necessary to shift
the connecting part in the posterior direction. In the case where the
robot climbs a step, as shown in Fig. 2(b), if the robot does not shift
the connecting part, it collides with the step. Thus, the snake robot
needs to shift its connecting part to climb and descend a step.

Complicated motion is needed to plan the joint angle of the
connecting part and to shift it with the wheels touching each plane.
Thus, the following assumption is introduced.
[Assumption 1]: The yaw angle of the connecting part is zero.
By assumption 1, the direction of the wheel axis of the connecting
part is the same as those of the anterior and posterior wheels as shown
in Fig. 5, and the connecting part can connect the front and rear parts
such that each wheel touches each plane. In this case, planning of
the connecting part only requires appropriately controlling the angles
of the pitch joints.

By introducing this assumption, the shift in the connecting part
can be planned based only on the pitch joint angles. Therefore, it is
possible to deal with three-dimensional motion by breaking it down
into motion parallel to the xy-plane and that parallel to the z-axis. In
this paper, we consider the case where the connecting part consists of
one module and |h| < lf0 + lb0. However, the model and controller
presented in this paper can be applied to higher steps by increasing
the number of links in the connecting part.

B. Kinematic model

The robot can be treated as a two-dimensional snake robot by
projection onto the xy-plane as shown in Fig. 4. Note that ungrounded
wheels are not shown in Fig. 4 (e.g., the i − 1-th wheel). On the
xy-plane, let w = [xh, yh, θh]

T be the position and attitude of the
robot’s head and ψh be the absolute pitch attitude of the robot’s
head, and let us define Ψi = ψh + Σi−1

j=1ψj and |Ψi| ≤ π
2

. lfi and
lbi are the projections of lf0 and lb0 on the xy-plane, respectively.
Note that lfi and lbi change with the pitch joint angle because they
are projections on the xy-plane and the state of whether each wheel
touches the ground is switched dynamically by the position and body

shape of the robot. lfi and lbi are expressed as

lfi = lf0 cosΨi, lbi = lb0 cosΨi. (1)

We set lf = [lf1, · · · , lfn]T , lb = [lb1, · · · , lbn]T , and lall =
[lTf , l

T
b ]
T . On the xy-plane, the velocity constraints preventing side

slip if all wheels are touching the ground as in [16], [17], are
expressed as

Aẇ = [Bϕ Bl]

[
ϕ̇

l̇all

]
, (2)

where A ∈ Rn×3, Bϕ ∈ Rn×n, and Bl ∈ Rn×2n.
We set ψh = ψ̇h = 0 because the robot’s head continues to move

on the same plane during locomotion while shifting between two
planes as shown in Fig. 3(c), and the derivation of (1) is given by

l̇all = Bψψ̇, (3)

where Bψ ∈ R2n×(n−1). By substituting (3) into (2), we obtain

Aẇ = Bu, (4)

B=[Bϕ Bl]

[
In 0
0 Bψ

]
=[Bϕ BlBψ], u =

[
ϕ̇
ψ̇

]
,

where Ij ∈ Rj×j is the identity matrix. Each row of the matrices
in (4) represents the velocity constraint of the corresponding wheel
preventing side slip, e.g., the i-th row represents the velocity con-
straint of the i-th wheel. The kinematic model of the snake robot on
the xy-plane changes depending on both the state of whether each
wheel is touching the ground and that of the connecting part. We
consider the case where the wheels of nσ modules (j1, · · · , jnσ -th)
are ungrounded and with nc modules (k1, · · · , knc ) in the connecting
part. We refer to the unique integers derived from both the state of
allocation of wheeled links and that of the connecting part as “modes”
and denote the discrete mode number as σ. When the mode of the
robot is σ, the velocity constraints are expressed as

Āσẇ = B̄σu, (5)

where Āσ ∈ R(n−nσ)×3 and B̄σ ∈ R(n−nσ)×(2n−1) are the
matrices, excepted j1, · · · , jnσ -th rows from A and B, respectively.
For two-dimensional snake robots, the joint angle corresponding to an
ungrounded wheel is included in the controlled variables as the “shape
controllable point” (SCP) [16], [17]. There is a distinct connecting
part for ascending and descending a step in this paper, and it is
necessary to include the yaw angles of the connecting part in the
controlled variables to satisfy assumption 1. Then, we introduce the
following two elements into the controlled variables.

1) The yaw angles of the connecting part ϕc ∈ Rnc .
2) The SCPs on the xy-plane ϕscp ( [16], [17]), considering the

case where the yaw angles of the connecting part are fixed as
ϕc = 0.

Now, the robot can move on the xy-plane using the traditional method
and can directly control the yaw angle of the connecting part so as to
satisfy assumption 1. We set θ = [θh,ϕ

T ]T , ϕ̃σ = [ϕTscp,ϕ
T
c ]
T ∈

Rnσ , w̄σ = [wT ,ψT , ϕ̃
T

σ ]
T , and B′, the selection matrix whose

elements are 0 and 1, satisfying B′u = ϕ̃σ . By combining (5) and
B′u = ϕ̃σ , the kinematic equation of the robot in mode σ on the
xy-plane is expressed as

Ãσ(θ,ψ) ˙̄wσ = B̃σ(θ,ψ)u, (6)

Ãσ =

 Āσ 0 0
0 In−1 0
0 0 Inσ

 , B̃σ =

 B̄σ

0 In−1

B′

 ,
where Ãσ ∈ R(2n−1)×(n+nσ+2) and B̃σ ∈ R(2n−1)×(2n−1). Note
that the matrices and vectors in (6) switch with mode σ. If we design
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Fig. 6. Structure of the proposed controller.

Fig. 7. Shift of the connecting part.

the absolute angle of the SCPs instead of the relative angle thereof,
we need to replace the corresponding element of ϕ̃σ with the absolute
angle and to modify the corresponding row of B′ accordingly. We
design the controller of the robot’s motion on the xy-plane using the
kinematic model (6).

III. CONTROLLER DESIGN

The control input related to locomotion in the direction of the xy-
axis is determined based on the kinematic model (6). Moreover, the
connecting part is shifted in the posterior direction by determining
the desired value of the pitch joints so that the ungrounded module
sequentially touches the ground in the descending case and the
grounded module is sequentially lifted up in the ascending case.

The motion of the robot is determined by the motion of the yaw
and pitch angles, with a vector consisting of the angular velocity
of the yaw and pitch joints used as the control input. The robot is
propelled via serpentine motion using the yaw angle to move forward
and the pitch angle to shift back the connecting part. The pitch angle
is also used to raise certain wheels (referred to as active lifting). We
also propose a controller, consisting of a pitch reference generator,
which sets the pitch angle, and the tracking controller, which controls
the input to the robot. Fig. 6 shows the structure of the proposed
controller. The pitch reference generator determines the desired value
of the pitch joint angles based on the shifting method and active
lifting, and the tracking controller calculates the input velocity by
which the controlled variable converges to the desired value.

A. Tracking controller

We set the desired vector of the controlled variable w̄σ as w̄σd =
[wT

d ,ψ
T
d , ϕ̃

T

σd]
T where wd = [xhd, yhd, θhd]

T is the desired vector
of the position and attitude of the robot’s head. Let us define the
control input u as

u = B̃
−1
σ Ãσ

{
˙̄wσd −Kσ (w̄σ − w̄σd)

}
, (7)

where Kσ is the block diagonal matrix Kσ = diag (Kw, Kψ ,
Kϕ̃σ

), Kw ∈ R3, Kψ ∈ Rn−1, and Kϕ̃σ
∈ Rnσ are the positive

diagonal matrix. The matrix B̃σ is invertible for all σ (the proof is

omitted for space limitations). The closed-loop system is expressed
as

Ãσ

{(
˙̄wσ − ˙̄wσd

)
+Kσ (w̄σ − w̄σd)

}
= 0. (8)

If matrix Ãσ is full column rank, the uniqueness of the solution is
guaranteed. The solution of (8) is given as(

˙̄wσ − ˙̄wσd

)
+Kσ (w̄σ − w̄σd) = 0, (9)

and w̄σ converges to the desired trajectory w̄σd at t → ∞ without
switching the mode. If the robot has a singular configuration in which
all wheels are parallel or arc-like, matrix Ãσ is not full column
rank. In this paper, θhd is set as a sinusoidal wave to avoid singular
configurations [17]. In addition, it is important that Ãσ is not a
horizontally long matrix to obtain full column rank, and the following
condition should be satisfied:

2n− 1 ≥ n+ nσ + 2,

... nσ ≤ n− 3. (10)

Condition (10) means that there is an upper limit on the number of
ungrounded modules and emphasizes the need for the ungrounded
modules to touch the ground sequentially in the descending case.

Equation (9) has a feature that the controlled variable is switched
depending on the mode. w and ψ, which are involved in all modes,
converge to the desired value because all the closed-loop systems
corresponding to w and ψ are equally independent of the mode as
given below.

(ẇ − ẇd) +Kw(w −wd) = 0, (11)

(ψ̇ − ψ̇d) +Kψ(ψ −ψd) = 0. (12)

However, in the case of arbitrary switching, the convergence of SCP
ϕ̃σ is not ensured because the elements of the SCP are varied by
switching the mode as follows.

(
˙̃
ϕσ − ˙̃

ϕσd) +Kϕ̃σ
(ϕ̃σ − ϕ̃σd) = 0. (13)

If the dwell time of each mode is sufficiently large, it is expected that
ϕ̃σ converges adequately in each mode [29] [30]. The dwell time of
each mode is described in a later section.

The desired values of SCP ϕ̃σ and pitch angle ψ are discussed in
the next subsection to utilize the shift of the connecting part.

B. Pitch reference generator

Assume that the connecting part is the i-th module. The pitch
reference generator, which is designed to shift the connecting part,
consists of the shifting method and active lifting. The shifting method
determines the reference to shift the connecting part from forwards
to backwards depending on the motion, while the active lifting
determines the reference to change the shape of the body of the
robot and to prepare for the shift.

In this paper, we assume the connecting part is shifted as shown in
Fig. 7. This figure depicts the robot (a) before the shift, (b) during the
shift, and (c) after the shift of the connecting part in the ascending
case, and is described for the case in which all yaw angles are zero
for readability.

C. Active lifting for the additional SCP

We consider lifting up arbitrary wheels actively as shown in
Fig. 8. If one wheel is lifted up, the corresponding velocity constraint
disappears. The number of SCPs increases as the number of velocity
constraints decreases [16]. These additional SCPs can affect the shape
of the robot through direct control. If the lifting height is small, the
lifting angle of the pitch joint does not affect the motion of the yaw
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Fig. 8. Active lifting of the wheel.

(a) Descending case (b) Ascending case

Fig. 9. Active lifting to descend and ascend a step.

angles. For descending, in our motion design the robot lifts up the
wheel of the connecting part as shown in Fig. 9(a) and controls the
absolute angle of the additional SCP. Fig. 9(b) shows the additional
SCP in the ascending case. For ascending, the additional SCP is used
as preparation for shifting as described in the next subsection.

D. Shifting method

In the shifting method, the reference of pitch joints is generated
by transiting two states: (S1) preparation for shifting, and (S2) shift
of the connecting part, as shown in Fig. 10.

1) Preparation for shifting: The yaw angle ϕi+1 becomes the
connecting part at the next shift because the i-th module is the
connecting part. From assumption 1, it is necessary for ϕi+1 to
converge to zero before shifting the connecting part. In the descending
case, the i-th wheel becomes ungrounded and ϕi+1 becomes one of
the SCPs by forward motion of the robot. In the ascending case,
ϕi+1 becomes an additional SCP by active lifting. As the SCP can be
controlled directly, we set the desired value of ϕi+1 to ϕ(i+1)d = 0,
in preparation of shifting.

2) Shifting condition: If the robot satisfies the shifting condition,
the state of the robot transits from (S1) to (S2). Let the border of
the step be on the line x = xstep and the direction of motion be
the positive direction of x. In the descending case, let us define the
shifting condition of the connecting part as follows:

|ϕi+1| < ϵ, (14)

xh − (i+ 1)L > xstep, (15)

where ϵ > 0 is a small value. ϕi+1 is the yaw angle of the part that
becomes the connecting part at the next shift. Condition (14) means
that ϕi+1 converges almost to zero and completion of the preparation
for shifting is approximately satisfied if the condition is satisfied. The
left-hand side of (15) denotes the minimum position of the x-axis of
the i + 1-th module, which will become the connecting part at the
next shift. Therefore, condition (15) guarantees that the wheel of
the connecting part does not touch the step. This is a conservative
condition to prevent the robot from colliding with the step, as shown
in Fig. 11. It would appear that shifting the connecting part can be
achieved by introducing (14) and (15) without colliding with the step.

In the ascending case, we set the following condition instead of
(15).

nnw < anw, (16)

Fig. 10. State transition of the shifting method.

Fig. 11. Collision with the step.

where nnw is the number of ungrounded wheels in the front part and
anw is an arbitrary integer satisfying 0 < anw ≤ aL. Fig. 7(a) and
(c) shows the cases for nnw = 1 and nnw = 2, respectively. aL is the
upper limit of anw depending on the maximum torque needed to hold
up ungrounded wheels, and is calculated using statics. For example,
if anw = 2, the robot in Fig. 7(a) satisfies (16) and begins to shift,
whereas the robot in Fig. 7(c) does not satisfy (16) and does not
begin to shift. Condition (16) cannot guarantee collision avoidance,
but can reduce the risk of collision by setting the appropriate value
as anw.

3) Shift of the connecting part: The connecting part can be shifted
by moving the pitch angles ψi−1, ψi, and ψi+1 as shown in Fig. 7.
Let the appropriate angle of the pitch joint against the step be
αd = sin−1 h

L
, the start time of the shift be tst, the end time of

the shift be tst + tψ , and let us define the desired values of pitch
joints ψ(i−1)d, ψid, and ψ(i+1)d as follows:

ψ(i−1)d = −αd
(
1− t′

)
, (17)

ψid = −ψ(i−1)d − sin−1

(
h

L
+ sinψ(i−1)d

)
, (18)

ψ(i+1)d = −ψ(i−1)d − ψid

= sin−1

(
h

L
+ sinψ(i−1)d

)
, (19)

where t is the time, t′ = t−tst
tψ

, and tst ≤ t ≤ tst + tψ . If the pitch
joints satisfy (17), (18), and (19), the z length of the connecting part
is h and the front and rear parts of the robot remain in contact with
the ground.

The robot can ascend and descend higher steps by increasing the
number of modules in the connecting part. We consider the case
where the connecting part is the i, · · · , i+ j − 1-th module and the
number of modules in the connecting part is j > 1. Fig. 12 shows an
example of ascending a high step where the shape of the connecting
part is straight and the robot shifts the connecting part in increments
of one module. From Fig. 12(a) and (c), the robot must satisfy the
following conditions to shift the connecting part:
[Condition 1] If t′ = 0, ψi+j = 0.
[Condition 2] If t′ = 1, ψi+j−1 = 0.
[Condition 3] If 0 ≤ t′ ≤ 1,

∑i+j−1
k=i−1 L sinΨk = −h and∑i+j

k=i−1 ψk = 0.
The pitch angles ψi−1, · · · , ψi+j−1 satisfying Conditions 1–3 are
not unique and can be set as desired. However, these should not be
set so as to cause a collision between the connecting part and the
two planes during shifting. Fig. 12 shows an example of shifting on
a high step.
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(a) Before a shift (b) During shift-
ing

(c) After a shift

Fig. 12. Shifting on a high step.

E. Dwell time of each mode

The mode changes in the following two cases.
I). The connecting part is shifted.

II). The grounded/ungrounded condition of the wheels changes
depending on the environment.

In ϕ̃σ , ϕi, which is the angle of the connecting part, and ϕi+1,
which will become the angle of the connecting part at the next
shift, are important because they need to converge to zero to satisfy
assumption 1 and to start the shift. ϕi would previously have
converged to zero when becoming the angle of the connecting part
and there is no problem with its convergence. With respect to ϕi+1,
the robot does not shift the connecting part until ϕi+1 converges to
zero because of shifting condition (14). Thus, the mode dwell time
related to ϕi+1 depends only on case II. In the descending case,
if the robot moves forward, ϕi+1 remains as one of the ϕ̃σ and
the dwell time of the mode is sufficiently large. In the ascending
case, it is not always true that the dwell time is sufficient. For
example, if the forward velocity of the robot is significantly-fast or
the convergence speed of ϕi+1 is low, the dwell time is not enough,
ϕi+1 does not converge to zero, and the connecting part collides
with the step because the robot cannot begin to shift the connecting
part. These problems can be solved by reducing the forward speed
or by increasing the convergence speed of ϕi+1 (by increasing the
corresponding feedback gain of the controller). In this paper, the
dwell time of the mode related to ϕi+1 is sufficiently large because
we ensure that the corresponding feedback gain of the controller and
the convergence speed of ϕi+1 are adequate.

The ϕ̃σ , except ϕi and ϕi+1, are used to change the shape of the
robot. The dwell time of the mode related to these angles depends
on cases I and II, and there is no guarantee that the length of dwell
time is enough. However, these angles are not used for any essential
condition that the robot must satisfy, and they do not cause significant
problems in the locomotion of the robot even if the dwell time is not
sufficient. These angles are merely used to approximate as best as
possible the desired value of dwell time.

IV. EXPERIMENTS

Experiments were performed to confirm the effectiveness of the
proposed control method. The experimental system is shown in
Fig. 13. The snake robot has active joints and passive wheels
with lf0 = lb0 = 0.088 m and n = 8. The pitch and yaw
joints use Dynamixel MX-64R and MX-106R (ROBOTIS) actuators.
The real-time position and attitude of the robot were measured by
OptiTrack (NaturalPoint, Inc.), which is optical motion capture and
tracking software. The joint angles were measured by the absolute
encoder in the Dynamixel MX-64R and MX-106R. A PC was used
to calculate the input and control the actuators with the PC and

Passive wheel

Head

Pitch joint

Yaw joint

PC
OptiTrack

Fig. 13. The experimental system.

t =   0[s]

t = 20[s]

t = 40[s]

t = 60[s]

t = 80[s]

Head

Step

Snake robot

Fig. 14. Descending motion of the snake robot.

Fig. 15. Time responses of xh, yh, and θh in the descending experiment.

actuators connected in a daisy chain via an RS485 interface. We
set the parameters of the controller to Kw = diag(0.5, 0.5, 1),
Kψ = 0.1In−1, Kϕ̃σ

= 0.5Inσ , tψ = 5 s, and ϵ = 0.05.

A. Descent control

We set h = −0.15 m, wd = [0.01t, 0, π + 0.5 sin(2πt/15)]T ,
and xstep = −0.5 m. Fig. 14 shows the motion of the robot in the
descending experiment. Figs. 15 and 16 show the time responses of
the controlled variables where the dashed line depicts the desired
values. Figs. 17–19 show the time responses of ϕi, ϕ̇i, and ψ̇i,
respectively. In these figures, the vertical dot-dash lines depict the
start time of each shift (t = 0, 20.8, 39.4, 57.8, 77.4).

Figs. 14–16 show that the connecting part of the robot shifts
backwards sequentially without colliding with the step and that the
controlled variable converges to the desired state. At t ≥ 10, by which
time the influence of the initial error has been sufficiently reduced,
the maximum error values of xh, yh, and θh are 0.036 m, 0.017 m,
and 0.084 rad, respectively. The tracking performance is acceptable
because the values are sufficiently small.

As shown in Fig. 17, there are periods when the values of ϕ3–
ϕ7 converge to zero. ϕ3 is zero from the start of the experiment
to t = 20.1 s at which time the connecting part shifts backwards
because ϕ3 is the connecting part at the start. ϕ4–ϕ7 become SCPs
when the wheel of the corresponding module leaves the ground, and
converge to zero, which is the desired value. As shown in Figs. 16
and 17, the connecting part shifts backwards after the corresponding
SCP converges almost to zero. In Fig. 17, the intervals are shaded
yellow if the corresponding joint belongs to the connecting part.
The maximum values of |ϕ3|–|ϕ7| during these intervals are 0.0092,
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Fig. 16. Time responses of ψi in the descending experiment.

Fig. 17. Time responses of ϕi in the descending experiment.

Fig. 18. Time responses of ϕ̇i in the descending experiment.

Fig. 19. Time responses of ψ̇i in the descending experiment.

0.0092, 0.011, 0.015, and 0.0077 rad, respectively. We find that the
values are sufficiently small, and thus assumption 1 is satisfied. The
attitude of the connecting part is consistently normal to the step in
Fig. 14. This is because the wheel of the connecting part is lifted
by active lifting and the absolute angle of the connecting part is
controlled by using the additional SCP.

Input of the yaw angles, ϕ̇i changes discretely owing to the switch

Head

Step

t =   0[s]

t =1.5[s]

t = 10[s]

t = 30[s]

t = 40[s]

t = 50[s]

t = 60[s]

t = 70[s]

t = 80[s]

Fig. 20. Ascending motion of the snake robot.

in the mode of the robot caused by the shift and environment as
shown in Fig. 18. For example, ϕ̇5–ϕ̇8 change discretely at t = 25.8
s at which time ψ2–ψ4 completes the change and the mode switches.

B. Whole transition of ascent control

We consider the whole transition between two planes for ascent
control as shown in Fig. 3(a)–(d). First, we consider the motion lifting
the robot’s head from Fig. 3(a) to (b). This is likely to cause the yaw
joint angle corresponding to the connecting part to be set to zero
while lifting the head because the robot shifts the connecting part
after the motion to lift the head. Thus, we set the second module as
the connecting part and define the desired value of the pitch angles
around the connecting part ψ1d, ψ2d as ψ1d = −αdt′, ψ2d = αdt

′.
This enables the robot to lift its head to the height of the front plane
and to prepare to shift the connecting part later. Moreover, we add
the condition xh > xstep, which means that the head must reach the
edge of the front plane before the first shift is started. Without this
condition, the number of modules lifted increases and the pitch joint
cannot hold the lifted modules because of the torque limit.

We set h = 0.15 m, wd = [0.02t, 0, π + 0.6 sin(2πt/15)]T ,
xstep = 0.2 m, tψ = 3 s, and anw = 2. Fig. 20 shows the motion
of the robot during the whole transition of the ascent. Figs. 21–22
show the responses of the robot similar to those discussed for the
descending experiment. Figs. 20–22 show that the robot lifts up its
head to the height of the front plane at t ≤ 3, the connecting part of
the robot shifts backwards sequentially without colliding with the step
after the robot’s head has reached the edge of the step (xh > xstep),
and the robot accomplishes the whole transition from the rear plane to
the front plane. Fig. 21 shows that the controlled variable converges
to the desired state with the maximum error values of xh, yh, and θh
being 0.045 m, 0.022 m, and 0.089 rad, respectively.

As outlined above, the experimental results demonstrate the ef-
fectiveness of the control method. Note that the robot can climb
and descend a higher step by increasing the number of links in the
connecting part.

V. CONCLUSION

In this paper we proposed a control method to realize trajectory
tracking of a robot’s head and ascending and descending locomotion
in a step environment consisting of two parallel planes. We focused
on locomotion with shifting between two planes and introduced an
assumption related to the connecting part and yaw angle to simplify
the model and controller. We decomposed three-dimensional motion
into motion parallel to the xy-plane and that parallel to the z-
axis. In addition, we derived a model of the robot as a hybrid
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Fig. 21. Time responses of xh, yh, and θh in the ascending experiment.

Fig. 22. Time responses of ψi in the ascending experiment.

system with switching on the xy-plane. We also proposed a controller
consisting of a tracking controller and pitch reference generator based
on the shifting method for the connecting part and active lifting to
control the shape of the robot. Experimental results demonstrated the
effectiveness of the proposed control method.

An advantage of the proposed method is that the method can
accomplish trajectory tracking of a robot’s head and ascending and
descending a step without collision. Moreover, it can be implemented
using a microcomputer and contributes to downsizing the robot be-
cause the computational overhead is smaller than that of a controller
based on a dynamic model. However, a limitation of the method is
that it is a kinematic controller, which assumes that the wheels do not
slip sideways. It is not suitable if the dynamic effect of the motion
of the robot is large or in the case of a slippery floor owing to the
increased model error. Moreover, the steps considered in this research
are the simplest in discrete three-dimensional environments, and the
controller cannot be applied to non-parallel planes. Furthermore,
it is necessary to observe the position and attitude of both the
robot and step when using the proposed controller. These are the
limitations of the proposed method. In future studies, we intend
considering a control method for ascending and descending stairs
in a more complicated environment, incorporating environmental
recognition using only internal sensors, and modeling and control
without velocity constraints, e.g., based on dynamics considering
anisotropic friction.
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