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Direct Branching Algorithms for Checking
Equivalence of Some Classes of Deterministic
Pushdown Transducers

Kazushi Seino
Abstract

Recently, the equivalence problem of arbitrary deterministic pushdown automata
(dpda’s) has been proved to be solvable by Sénizergues (Theoretical Computer Sci-
ence, vol.251, pp.1-166, 2001). This is a breakthrough in formal language theory. For
this distinguished paper, he won the 2002’s Godel Prize, which is one of the most
prestigious prizes in theoretical computer science. The period from paper publication
to receive the prize was unprecedentedly short. This is indicative of the importance of
the equivalence problem of dpda’s. We know that the equivalence checking algorithm
plays an important role in learning systems that are formulated as automata and
formal grammars. In the future, in the field of theoretical computer science, analyz-
ing the learning possibility and establishing adaptive learning functions will become
important even further. In this regard, establishing simple and efficient algorithms
for checking the equivalence is very important.

However, the efficiency of most algorithms proposed thus far is not satisfactory
enough, and the proofs of correctness are extremely complicated. Here, the research
group of UEC including the author has proposed a technique called “direct branch-
ing algorithm” for checking the equivalence of a pair of some subclasses of dpda’s,
over many years. As compared to other algorithms, our direct branching algorithms
for checking the equivalence of dpda’s are very simple and direct, and the proofs of
correctness are very clear. Further, they have a good potential in analysis for their ap-
plicability and time complexity of various other dpda problems. As a concrete result,
such an approach has been successfully applied to a pair of dpda’s, one of which is
real-time strict. Furthermore, we have shown a certain sufficient condition for check-

ing the equivalence of dpda’s that have e-transitions. In addition, as research results



ii

regarding the time complexity using our direct branching algorithm, polynomial-time
algorithms for checking the equivalence of simple dpda’s and real-time strict deter-
ministic restricted one-counter automata (droca’s) have been given. The former has
just one state, and the latter has just one stack symbol.

On the other hand, in conjunction with research about the equivalence problem
of dpda’s, some results about the equivalence problem of deterministic pushdown
transducers (dpdt’s) which are obtained by attaching the output function to dpda’s
have also been proposed. In practical use, a dpdt is more important than a dpda,
which only judges the acceptance, but the equivalence problem of dpdt’s is extremely
complicated. However, by using our direct branching algorithms, the equivalence
problems of dpdt’s are solvable with almost the same complexity level as that of
dpda’s. Our paper, which present a solution for checking the equivalence of dpdt’s, one
of which is real-time strict, is referred by the above Gédel Prize winning paper as one
of the most important results. Most results about the equivalence problem of dpdt’s
except ours cannot show a practical execution for simple samples, and they also cannot
provide a concrete evaluation of the time complexity. It is important to research about
efficient algorithms for checking the equivalence of dpdt’s. In 2007, a polynomial-time
algorithm for checking the equivalence of simple deterministic languages with output
was published by Bastien et al.

In such a background, the following two results are given in this paper. First, a
further extended direct branching algorithm for checking the equivalence of a certain
pair of non-real-time deterministic pushdown transducers is shown. Such a class of
dpdt’s includes a pair of dpdt’s, one of which is real-time strict. This result is consid-
ered to be very significant in the further class extension in the equivalence problem
of dpdt’s that have e-transitions. Second, as an improvement in the maximum time
complexity, a polynomial-time algorithm for checking the equivalence of real-time
strict deterministic restricted one-counter transducers (droct’s) is shown. This is a
typical result that is indicative of the effectiveness of direct branching algorithms.

Furthermore, this result is incomparable to the above Bastien et al.’s result.
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000 dpdt OOOOD0OOODODOOODODOODODOODODOOSénizergues 0000
0 [Sen01) 0000000000000 dpda00000D0D0OO0O0OOODODOOOO
gobooobbobobooooobbooooobbooooobbbbooobobboboo
OO0 dpdt 00DOO0O0OOCOODOOOODOOOODODOOODOOOODODOODODOOO
00000000 dpdt 0000000000000 O0DODO [TomSei89 D OODOO
O [Tom82|0000000000O0O0O0O0O0O0OOUO0ODO0OOO dpdaD00OOOODO
OO00DO000 dpdtO00OO0ODOCOODOOODODODOOOOOODOOOODOOO
0000 [Sen01] D0 0000000000 DOODOODO [TomSei®9 OO OODOO
0000000000 [SeiT8a|0 0 DOOD [Tom84| 000D OO e-00000O0 dpda
0000000000000 DOO000O00 dpdtO0D0O0ODOOO0ODODOODOOODOO
gobbobooooobobbooooboobobb oo bboooobboboboboo
dpdt 0000000 «-0000D0OQ00D0OO0ODOOOO0OOOOOO0OOOOOOODOOO
guobbbbboooooobboboooobbbooooobboooobobbobn
O0dpdt 00 00D0O0OD0OO0ODOODOODOODODODOO

000000000000 0DO0O000O00DOoOO00ooO0ooDog dpdtOOCOoOn
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030 0000000000000000000000
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0000000000000000000000000000 [SeiT8a] 0000000
000000000000000 [Tom84] 0000000000 [TomSei85) 0D O0O0
00 000000 dpda0D0D0O0O000O0O [SeiT8a) 000 DDODOO0DODDOOOO
Odpdt0O000OO0O0DOOOOOO0ODODOODOOOODOOODOOODOOODOOODOO
0000000000000 00O0DO0D0DOO0DOO0DO dpdtO000OD0OO0OODOODODO
0000000000000 DO0O00D0O00DO dpdtO0O000C0O0ODOOODOOOOOO
ggoboboogooo
0000000000000 oO [SeiTWO7al0DOODOOOO
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32 O00O0OO0O0OO0
OOoOo0o0o0O0O0000O0O00O0O0O000OO0

00 3.2.1000 [Tom8&4], p.91, Definition 3.2. 0 0O O

dpdt 7TO00D00O (paBy) €eQx 00000000 gqe EMP(p,a) 0000000
DDTEQDDDDD@&#%%ﬁmeDDDDEMH%@:{ﬂDDDDDDﬁ
0 (p,afy) 00000 0000000000000 000000000000000O
O000D0O0dpda MOODOOOODOODO g€ EMP(p,a) 000000000
rEQDDDDD@ﬂﬁﬁ%ﬂn@DDDDDDEMP@Bﬁzﬁ}DDDDDD@DDD
e-0000000000000 «-0000000000000000000000000
0000000000000 e 00000 «0000D00000D0O0O000DOO
By e TT(B=PF1PBP3s,00,0€ ) 0000000 D0ON0OOOOOOOODAOODO
000000000000000

00 3.2.20 00 [Tom84], p.91, Definition 3.2., p.94, Definition 3.7., p.95, Remark
3.8.000

dpdt TODO0DO0 (pB) € QxI* 000008 = MBidfBere - ANODDOD
Ao, M, Ag, -, N O00(p,3) 00000 0000008, B,---,3 0000000
dodooooobooooooooooon

RW-Seg(p, 3) = 8152 B

D00000O000 (pr) € Qx T 000009 = wbinfers - Bl
RW-Seg(p,y) = (1f2---/400 0 OEMP(p,\g) = EMP(p,1p) DO O0OO0O00DOO
0 0 OEMP(p, AdofiAifBeAe---Bi) = EMP(p,vofivifove---5;), (i = 1,2,--- 1)
O0DDD000D00000 ¢ € EMP(p,  MfidBere---F) D000 DOD0DOD
Or € QUODO D(q,,\i)ssz,s) 0o o D(q,yi)€:f>(r,€) DoooODo

EMP(q,\;) = EMP(q,1;) = {r}00000000000000000

(p, B) = (p,7)-
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D0000 HOOOOOB=p8p",38"=8M ~=++ +"=~+"Mooooooo
(p,#) = (p,y),00 3" =+ 00000000000000000

H
(p, B) = (p,7)-

00 3.2.3000 [TomSei85], p.223, Definition 2.1. 00 O

dpdt TOODDOO (pa) e@Q@x T O0000000ze X, ye A", reQ, yel™*
DDDDDD(p,a)x:;y>(T,7) 0000000000 € I't O (p,o/)I:;yMr,'y’),
a=dd,vy=+d" 000000 0000000000O0OC0OOOOO

(p, a/)%(l)h Blﬁl)m::/Fyl>(Q1, 51)€::>

z2 /Y2

(pQ,Bzﬁz):T>(Q2,32) : %

/// 17
(Pm+1me+1)%(7’, 7Y, m >0

000z =z122 ... 22", Y= 1192 .. Ymy',
DBZ'GF?ﬂiEFJ’_api?(JiEQ?
Dxi#goryi#gu]-Sigm,perleQ?

O000Buy1 €1, ¥ #e000000B411 =¢

gogoboboooooooboodad

RW-Seg {(p, a)m:;y>(r, 7)} =DB1Bs... BBy

RW-Pop {(p, o)=L (r, 7)} _

(

(p1, B1)q1(p2, B2)ge
godooo... (pmaBm)QTn(pm+17Bm+1)7
gdodoooooooooon (fﬂn+4 € Ij

(p1, B1)q1(p2, B2)q2 - . . (Pm, Bm),
| 000O0D0OD0000000 (Bt =¢).
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OO00oooooo0 dpdaMOOOODODOO

(p, o )=—=>(p1, B11) —=(q1, /1) —=>

(p2, Baf2)—=(q2, B2) . . %ﬁ;
(Prms Bin B ) =2=> (qm,ﬁm)?

12
x

(pm—i—la Bm+1)T>(T7 ’7/)7 m > 0
000z =2122...Tm2",
0 B’LGF7 ﬁiEF+7 pz»Qzer

Dxi?‘éea 1§Z§m, pm—l—leQa

0000Bpws1 €1, v/ #e000000Bp,1 =¢

gooooooooobogooboogadg
Reading-Seg [(p, a)#ﬂr, v)

00000000000 =BiBsy...BpBmi1.

00 3.2.4000 [TomSei85], p.225, Definition 2.3. 00 O

dpdt 700000 (p,a),(p,f)e@@xT*0000000zeXt, ye A*, re@, yve

/

r<oooooo(p a)m:;’w, y)0000 ‘RW—Seg [(p,oz)w:;y>(r, 7)} <nO000

DDDDDDDDDDD(p,B)%(r’,V’)DDDD (r,Wy) = (", MyYoooooo
000 (p,e), (p,3)0000000000000000C0D0O0O0O000O00O0O

(p,a) = (p, B).
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33 00000od

0000000000 dpdt 0007, = (Q1, I, £, A, ju1, qot, Zo1, &), To = (Qa, Is,
5, A, o, qo2, Zo2,¢) 00000000000 00000 dpddd 00 dpdall M, Mo
0ooooooodpdt T, I, 0000000000000 O0OO0OODOOOOOOOOODOOO
0000000 dpda M;,M, 000 [TomSei85], p.224, Definition 2.2. 000000
Weak Segmental Property 0000 0000000000000 O0OOO0OOODOOOOOO
My,M,ODODOODODOOODODOOODOODODOOODOOO0OODODOOM, =M,00
000000000000000000000 [Toms82], p.194, (Al), (A2) 000000
D000 (AD0D0D000 (p,A)-%(q,0) 50000 |0 <20 (A2000 z € 5,

(qw) €@ x ;00000 (qOZ-,ZOi)%(q,w) 00000000 Lq,w) # ¢0

(3

00 10 Weak Segmental Property 00 0O OO
dpdt T}, 7, 000000000 dpda M;,M, 00000000000 dpda00O000
0000DOOoooOoooooOo R>1000000

(C]o1,201)#(19,14!&”)%(%6\&”) (3.3.1)
(qo2, Zo2) ;2 (P, B) ];2 (@,7) (3.3.2)

D00w,z € X* pqeQ, ATy, o €Iy,
ﬁaqu% ﬁ?lyeré*

goooobobobbobbbboboboooogoo

2

Reading-Seg [(ﬁ, 6)#(@, 7)} ' <R.

000000000 00000000000 000DDO0OO00ODOOO0O0ODOe-O0O
00000O00O0o0o0O0oDO0obOo0oO0 RODODOODODOOOOOIO

Ub 20e-00000000000O0DO0
dpdt 7, 00000000000 0O0OODODOOODOO O0OOOOOO

zo/vo ,_ e/v _
(902, Zo2) = (D, B) o (7.7)
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EI[H:':L‘O € 2*7 Vo,V € A*7ﬁaq€Q27ﬁ7’7€F2*

000000000000 <O0000000000000000000o0oUoooo

ggoboboogobobooooooboboooobooobmao

00 3.3.1dpdt 7y, 7, 000000,00000000000 (), ()000000
()00 dpda00000OM, =M, 0000000 (3.3.1),(3.32)000000000
000000 dpdt00000000

'RW—Seg {(p, 5)%(6, v)} ‘ < Rr

2

O000Ry=(1+O)R.OROO0O0O0O0OO.

(i) 7, 000000000000000ye X*00000000O0O0O0OO0OOOOOO
ve A*000000RODDODOOOOO 0000000 DDODOOODOOOOOOOOO
gogoooogd

o] <7 (ly]) 0OBOT(yl) = (r2 + O)lyl.

0000000G) 000000000000 ‘RW-Seg{(ﬁ,ﬂ)%(q,y)HDDDDDD

2

o

Rwd@ﬁ&[@ﬁﬁﬁfﬂ%ﬂﬂDDDDDDﬁDDDDDDDDDDDDDDD
00 «-0000000000000000000000000000000000000
O00000 00000 ©QO0000000000000000000 (1+0)ROO
D000000G) 00000000000y =ajag...an, a; €%, (1<i<n)0000
0000000000000 € ¥00000000 00000000000 OO0
O00000y00000000 «-00000000000000 Oxn=0x|yl00
D0000y0O0D000000 e-000000000000000000 7oxn="mXly

00000000 < (rm+0)yo0o

0000000o0oo0oouogd [Tom82], [Tom84], [TomSei85], [TomSei89] O O
gobbooboboboooobbboooouobboooooboooobobboooooonbog
0000000000000 D00000000000000 [TomSei85], [TomSei89]
000000000 3310000 [TomSei89], p.42, Proposition 3.1. 0000000



030 0000000000000000000000

Obranchingd 000000000000000000 3.3.203.3.30000000000
00000000000000000000000000000000 skippingd0O000
000000000000000000000000000000 3320000000
00000000000000 3.3.30000 [TomSei89], p.43, Proposition 3.2. 000
00000000000000000

00 3317 =T,00000000 (i), () 000000
() 0000 (3.3.1),(3.32) 00000000000 dpdt 73000 T, 0000

w /w1

(go1, 201)?(29, @) (3.3.3)
(qo2; ZOQ)%(@ B) (3.3.4)

000wy, we € A%, a=Ad", 8=7p5'5".

00000wh=w, 00000 he A¥*0000000000000
(p, @) = h(p, B). (3.3.5)

(i) 00 w' € ¥, wj,wy, € A*00000

w'/w)

(qo1, Zm)?(pa a) 0000

1

w' Jwh =
(qo2, Zoz)%(p; I6)

2
006 e Iy, wyh =wh, W € AT~

0o000(p,A) 2 (p,3)0000h=Hr000000

0000 000@G) 000000000 (335 000000000000000000
0216000000007, #7,00000000000000000 (3.35)00
00000000000@G) 000000007, =7, 000000TRANS(p,a) =

hTRANS(p,3) = W TRANS(p,3) 0000000000 000000 3220000

TRANS(p, 3) = TRANS(5, ) 000 00000hA=K 0000000



030 0000000000000000000000 20

R
oo 3.3.2 dpdtT2DDDDDDDDDDDDDDDDDDDDQT(RTZDEIDDD
ggoboboooooboboooon

)’R,T—l

ARr) = (1Qa|| 2] + 1)1 19

000Ry = (1+O)R.

0000 0000000 [TomSei85], p.226, Lemma 2.5. 00 000000000000
ggoboboooobbboooobbboooooboo

Dlp. ) = (RW-Pop [ (.0} 1. 7)]|

0o ‘RW—Seg [(p, a)%(r, ’y)] ‘ < Rr,

2

00 for some x € X%, ye A*, (r,v) € Q2 x Iy}
D={D(p,a)| (p.a) € Q2 x I'}}

00 322,32300000000000 [P]O0O00O0O0O0O0ORy = 1,2,3,... O
D00000|D(p,e) 0000 1,|Qo,|Q2f?... 0000000000 323000
00O000000Ry, =10000|D| 0 (p,a)%—»(pl,Blﬁl), (p1,B1) € Q2 x I,
Bel; 0000000 (p,B)000000000|QL||[R000000000Ry =2
0000000000 0000 q1eEMP(pl,Bl)DDDDD(ql,ﬁl)%»(pz,Bzﬁg),
(p2, B2) € Qax(IU{e}), B € I 000000000000D(p,a)|0000 |Qq 00
OD000000(pe, B.) 00000000000 O00D 000 (|Q2|| ) (|Qz|| 2| +1)!92]
D0000000000000000000 R,00000C|P|00000O0CO0000O

ggooood

2
(1Q2/I12) (1Q2|I 2] + 1)19=1(|Qa | Ia| + 1)!%%!
0000000000 ... (|Qy[la]+ 1)
‘RTfl

2

< (|Qa|| o] + 1)0F1@D™ ™ g
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00 3.3.1000 [TomSei89], p.42, Definition 3.1. 00 O
dpdt 77, T, 0000000 zg € X*, ug,vg € A*, p€ Q1,p € Qa, A€ I, €Ty,
Bely00000

:L'Q/UO

(qo1, 201)?(17; AO‘H)

1

(902, 202)%/1)%(21 6)

2

D0D0000000 R € A 00000uwh =0 000000000000 2 €

Yt uveA* aelf,frely 00000

(b Al") =25 (p, Aas|a”) (3.3.6)
(9, B)=L= (5, B1) (3.3.7)

T2

0oad D’RW—Seg [(ﬁ, 5)%(@ 51)} ' <Rr

000000 8) < (5, 4)

000000000 he A 00000wh=hAv 000000000000 (3.3.6),
R R
(3.3.7) 00000000 ~ 00000000000000D0000D0000= 000

R
0D0000000000000 ~000000000minimal00000000

00 38337y =7000000000331000000000 (3.3.6), (3.3.7)00
00000000000000000000 ()0@Gi)000000

)OO K e A™* 000000000 (a)000 (b)000000

O (a) W, he A*O0D000h=nh"

O(b)W, he A*D0O00h=n"1n"

(i) |oa| < ¢ = [Q1]|[[1][A(RT)

(iii) dpdt 71, , 0000000000 U DOODO0

1Al =W <U

000000000|A|| >4 0000000 ()00 (b)000000
0 (a) W € A*0D0000 he A*, 0000
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000K €A*00000 he A

0 M) |l <u.

0000 000@G)00000000000000000000000() 0000000
0000000000000A=KA" 00000000000

h = tas, h' = tbs’

O00Oa#Db, t,s,s € A", a,be A

O00000000wh=hWv 00000000000

utas = tbs'v.

R
000000000 w#e000000000O0OOODOO ~ 0000000000
o0o0ob0oO0obO0oboOoboobo z"Ob0b0b0bO0obboob0 o™, »»obooobooboo

0g,¢ eA* 00000

ug = hv" = tasv™, u"g' = h'v" = ths'v"

00000000000000rO00000000000000w" > ({00000
00000000000k =tas, W =tbs',a#b00000000000000000
h=hh' 000000
000@Gi)000000]a;|0 00000000 3.3200000000e00000
00O00000000000 €000000000000000000000 (3.3.6),
(337)0 ¥ 0000000000000 000000000000(@GH)0000000
ooo
0000(i)000000000000007,00000000000000000
000D ()000000000000 |Q(h/+1)Y 0000000 (3.3.6)000
00000000000 332000000000000 Uy =|Q1|(1]+1)PARY)
DO0DO0D000 (33.6), (337) 0000 € 000000000000000000
N DODDODOOO000000000000000UOOD0000000|z <0
lu|<U, 000000 U/OU,0000000007,000000000000000

03.313G)00000000Us=T() 00000 <Us 000000000000



030 0000000000000000000000
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00U =Max{lo,Ys} DO0DOODOODOODOODOODO

lul <UDOODO v <U.

O000wh=hv000000

12 =R = o] = [ul] < [o] <U

0000(@i)0000000000000000000000000|)K||>40000
00000000000 () 0000000000/ =|hl—|¥||0000000 (b)

gogooobod

00 3327, =7,00000000 (3.3.3),(3.34) 000000000000 (3.3.5)

ggobobooooboboooooboo

[RW-Seg(p, 8)| < B(la)

00008(la]) = (1+[Qa)*!*7".

0000 00 331000000000 z€ L(p,3), e EMP(p,3) 00000

R-Set | (.91 ()| | < Rl

2

00000000000 3230000000 [TomSei85], p.226, Lemma 2.6. 00 00O
OO0 ClaimO0000000000O00DDOO0ODOOOOOOO

Claim 000 z€ L(p,f/) 0000000 ye A%, re@000000000 nOO
odn

'RW—Seg [(p, 5)%(7*, s)] ' <n

ggoboboooobooooo

IRW-Seg(p, B)| < (14 |Q2])" .

Claim000O 00000000000 0D000O0O0ODO0OODOOO0OOn=10000

0000000n=kk>1)0000 ClaimO000000000000n=k+100



030 0000000000000000000000 24

0Claim000000000000000000 ze€L(p,A)000yeA*, reQ,0
0ooo

'RW—Seg {(p, 5)%%@7, e)] ‘ <k+1

2

DDDDDDDDDDD(ﬁ,ﬁ)%(Q,Cv’), (7,C) € Qa x Iy, v € Iy 00000
2
EMP(q,C) = {F1,72,...,7m}, (m < |Q2|) 000000000000 OOODDOOOO
ClaimUOUOooooooooo

IRW-Seg(p, B)] < |C|+ ) [RW-Seg(r;, 7))

i=1

000000 <1+ (1+(Qp)%"
=1

gooodopoogouoooobooouboon
000000 <1+4]Qal(1+]Qa) !

000000 < (1+|Q)*V-1 o
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34 OJO00O0Ooooooon

000000000dpdt 7y, 7, 00000000000000 (go1, Zo1) = (qoz, Zo2)

0000000000000 000000000000000000000000000
0D00000000000000000000 (3.3.3),(3.34) 00000000 (3.3.5)
O00000000000000000000000000000e==c0000
D07, =7,00000000k=e00000000000000000000000
000000000000 (pa)=k(p,4)0000000000000000T,="T,
0D0000000A=AKO00000000000000000000O00O000O000
000000000000000000000000000 “I#7,°00000000
000000000000000000 (335 000000000000000000
DoooO

341 OO

000000000 [TomSei89], p.44, 4.1.Branching0 00000007, 00 e-00
ogooooooooooo

00 3.4.1 dpdt 73, 7, 000000 (p,e), (p,4) 00000000 (3.35) 00000
000000 ()(i)0000000000o0ooo
(i)(a) (p,e), (5,0) 0000000000 0000000 a; € FIRST(p,0) =
FIRST(p, 3) = {a1,as, ...y} C ¥ 0000000

ai/u; a;/v;
(ps Q)T(Pz‘,ai) Oooo (p, ﬁ)T(ﬁi,ﬁi)

1

0000000000 b € A 000000wh; =hy;, 000000
b) (p,a)0 00000000000 uy € A%, (pr,01) €Q x [F 00000

e/ur
(p, ) ——(p1, 1)
T

00000000000 by € AA*000000wh =h000000000000 (i)
00o0o0o00@@,8) =(p,6), l=10000



030 0000000000000000000000

(¢) (p,a) 0000000, B8) 000000000000 vy € A*, (p1,81) € Qe x I}
ooooo

(5, )= (51, 1)

2

gooooogoood h1EAi*DDDDDDhlzhv1DDDDDDDDDDDD (ii)
0ooood(p,a)=(p1,), l=10000
(i) 0O (i)DDDDDDDDDDDDDDDDDDD

(i, i) = hi(pi, Bi), 1 <i <. (3.4.1)

0000 ()0o00(a),(b),(c) 0000000000000000000 (3.3.5)000
00000000@G) 000000 (341)00000000000000 (3.35) 000
000000000000000000000000000000

0000341 (1) 000000000000 0O0OUDOOUDO0OUOO0OOOOUOOO
0000000000000 +0000000 (34.1)00000 (335000000
000000000000 o0DoUD w\x/v;, 00000000D0O0OOOOOOOO
00000000000 00o0ooooooo+* #7»xy 00000000 UODOOOO
ggn

342 00O

000000000000 00000000000000000000000000
0 [TomSei89], p.45. 4.2.Skipping 0 000 0000000000000 0O000000
0000000000 7T(Ty:T,) 0000

00 3.4.1000 [Tom8&4], p.98, Definition 4.2., 0 O [TomSei89], p.45, Definition 4.1.,
4.2.000

T(T:T>) 00000 (p1,a1m) = hi(Pr,y1)0 (p2, a2y1) = ha (P2, a2y) 0O0D0DOO

Omaﬂégé@%w)mmmm

1

(P1, @1)%@2, az)

2
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0000z € Z*, U1,01 € A*, urhy = hivy

0000000000000 000000w\x/vy 00000000000 OOOOO
ggobbooooboboooooboo

ul\:rl/vl
<(p1,o1 | m) =hi(pr, a1 | 1) >———
T(Ty:Ts)

000000 < (pa,a2 | 71) = ho(P2, @2 | 1) >

ggoboboogobooao

L ui\%; /vi
< (pisai | M) = ha(Pis @ | 71) >———
T(TliTg)

0 < (Pig1,it1 \ Y1) = hiv1(Pit1, Qi1 | Y1) >

aoon Duihi_,_l = hi’Ui, (1 < 1 < m)

ggobobooooboboooobbooan

u\z/v
T(Ty:T»)

<(pr,en1 | m) = (P, an | 71) >
00 < (Pmt1, @me1 | M)
00000000 = Ayt (D1, Gt | 71) >
00000z =x122...Tm,

U000 u=u1uU2 ... Um, V="20103...0Un.

000000T(Th:T,) 00z X*000000000000000000“\”, “/v?,

A\ gooo000o0o dpda
T(T1:T2)

M2DDDDDDDD(pl,&l)%H(pmH,de)DDDDDDDDDDD

2

“|’000000000000DbDOoU0DOoOoDOog

00 3.4.2000000000000 [TomSei89], p.46, Definition 4.3. 0 0 O
D000 (3.35)00000(p,a) 00000000 (5,8 00000000000000
goooobobbbbbbobobobooooo

(p, Aa”) = h(p, B) (3.4.2)

OO00Ac T, a= Ad"
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0000T(Ty:T)000000000000000

(p, Aw”) = W' (p, B') (3.4.3)
000000000000

() = (p, 3) (3.4.4)

0000000000R(>1)00000000000 T(T}:T,)0000000000
0000000 (0000 (b)000000000000 (342000000000
0o0000ooooo

(a) h = I

(b) T(Ty : T») 0O O

(p, Ad") = g(p, B) (3.4.5)
000000, 8) = (p, ) (3.4.6)
(p, AL") = ¢'(B, 8) (3.4.7)
0000008 = (5,5) (3.4.8)

0000000000000000R € A®*00000000000
h,Wyg,g €A, (3.4.9)
h=nh"0g=ghn"

00000
h, W, g, g €A77, (3.4.10)
l=n"'n0 gt =g 0.

000000 (343)00000000000000000 (3.4.5), (34.7)000000
0000000000 (3.4.3)000 (34500000000

00 3.4.3000000000000 [TomSei89], p.46, Definition 4.4. 0 0O O
0000 (342)000000000000000D0ODO0OOOODOOOOO =z €
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X% ug,v9 € A%, q € Q1, (Gj,7) € Qe x I3, € AA* 000000000 (3.4.3)0
0000000000000 DOoDOO

< (p Al =1 (p, B >zl 3.4.11
(p, A |W") =1h(p,B) Tt ( )

0000000000 < (g, |w"’) =t(g,7) >

DDD‘RW—Seg [(p,ﬁ’)%(qj,’y(’))” <n.

D0000OnOO (344)0000000
O00000000000 (3.4.2) 00000

(p, A | a”)%(q,s | ) D (3.4.12)

_ zo /v — *
(P, 6)%%(%,%), Yo € T

0000000000000 te A 00000

UQt:hUO (3413)
0000000000000 (342)0000000000000000OOO0OO

0000 (34.2)0000 3420000000000000000DO0DO0ODOOOODOO
34300000000000000DO0ODODOO0OODODODODOUOODODODODOO
ugn

(q,0") = (g;,70) (3.4.14)

00000000000 000000O0Oskipping-end00000000O0COOOCOO
00 “up\zo/ve” 0000000000 D0OO00O0O0DO0ODOOO0OOUOODOODOOO
goobbobooooooobbodooobbboooooobboboooobboboo
000000 (34.13) 0000000000000 “T #T»," 0000000000
goobooog



030 0000000000000000000000

00 3.4.2000 342(0b)0000000000000O0O0O0O (342)0000000
3420000 (bh)0OODDOODOODDOOOOD (34.3)0(34.13) 000000000
gogobooood

uo\zo /v
< (p, Ad") = h(p, B) >——— (3.4.15)
T(T1 ZTQ)

000000000000 < (ga") = (g,7) >

0000D000000D000 (3.4.3)00000000000 (3.4.5), (3.47) 00000
uot’ = h'vg, ugs = gug, ugs’ = g’'vg (3.4.16)
0000t t, s, s e AT

DDDDDDDDDDDDD(3.4.3)DDDDDDD

(p, A ‘ w”)%(q,s lw”)ODD0Do

)
(5.8) =543, 7)
uiin D’RW—Seg {(p, ﬁ’)%(qj,fy’)] ‘ <n
00000n00 (344)000000Mm

0000000 ze X*, u,ve A*0000000000000 (3.4.6), (3.48) 0000
000(3.45),(3.47)000000000000000

_ x/v — *
(p,é)?\(qgwl), yely

ggobobooooobooboooan

/

ut' = h'v, us = gv, us' = g'v (3.4.17)

000000000 uwt=h 000000000
0000 ~000000000000000000000000000000000

0000000000000000000000000 [TomSei89], p.47, Lemma
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42. 0000000000000 O0DO0OO0ODODOOODOOODOOODODOO
ug, Vo, u, v, hy B R g, gt t's, s € F(A)DOODODODOD0OF(A)0DODDOODOOOO AOO
00000000000 free groupd 0000

(A) 000000 (349)0000000000000000 (34.13) 00 (3.4.9) O
h =hh"000upt = hvg = R'A"vy 00000000 (3.4.16) O upt’ = h'vg 00O

W =ugt'vg ' 000 00000ugt = upt'vy 'Ky 0000000000

=M = vy th v (3.4.18)
0000 (3490 ¢g=¢A" 00 (3.4.16) 00 O ugps = gvg = g'h/"vg = uos'vo_lh”vo 0
Ooo0oO0OoDOoO0

s’ ts = vy h v (3.4.19)

O0000g=¢'n"00 (34.17) 000000000

sts =vthv (3.4.20)

0000 (3.4.18), (3.4.19) 000000000

=515 (3.4.21)

D0000000000000000 wt=hv0000000000
ut =ut't 7't =wut’s’'s 00 (3.4.21) 000
0 =wt'v"'h"v 00 (3.4.20)000
0 =hv 'hv 00 (34.17)0 ut’ =h'v000

0 =h'h'v=ho.

(B) 0DODODO (34.10)00000000000000000000000 F(A)OOO
000000000

Up — Vo, Vg — Up, U — VU, U — U,

h — h_l, h — h/—l7

g =
1 / /—1
9 — g

1

h// N h//, g N g—

t—t Lt st s sl s — st

0000000 (A)DD0000000000DD0000000000O0(uw)o(t) =

o(h)o(v) DODDO000vt =R~ 0000 =uw00000O0
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0000 34200000 (3.4.13), (3.4.16), (3.4.17) 000000000000 ut = hv
00000000000000000000000000

343 OO

goddooooooooooooooooooooooooooooooooooon
00 [Tom&4|, p.101, 4.2.Haltingd 0 O [TomSei85], p.229, 3.2.Halting 0000000
goddoooooooooooooooodn

DD3AAdthDDD(@mé%gw(@wwanDDDDDDDDDDDDD

2

gogoooogd

(5.8)=25(a.7)

=Min{l#|| (. )55 0 ) @),

2

00000 xz=2a2", y=yv'y",

00000 (p,8)€Qax Iy, 1<n” <n}—1

0000000 dpda MOOOOODOOODOOOODOOOODOODOODOODO
goooog

00 3.4.5 0000 (342)007T(Th :T,) 0 0000000000000 DO0ODOOOO
00 (34.15)00000000000000D (34.14)0000000000DODO0OO
ggooboboooobobobooooboboooobboooon

ui\mi/vi
< (p,Aa") = h(p, B) >———
T(T1 ZTQ)

00000000000 < (ga”) =t(g,v) >
ooooooooo

.. _ xo/vo_ ,_
(if) RW-Pop | (p, B)==(7;,70)

2
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OO0O000 = RW-Pop {(p, ﬁ)%(%&%‘)] :

ggooood

IS

(ij7 70) = (ij; ,71)

O000H = ‘(ﬁ, B)%(Qj,%)

2

gooboooon (: ’(5,6)%(%,%)
2

)

000000000000 (¢,0") =4(g;,w)0000000000000000

0000M,0 T,000 dpda.

0000b0000bO0O0bO00bO0oooO0obbOOo 3450000000000 0O0DOOO
ggoboboooobobboooooboboooboboboooobobboooobbooog
ggobooboogooo

344 000D0O0OO

000000000000000003.1000000000(q01, Zo1) = (qo2, Zoz) O
doodooooooooooooooogooooboooobobobobobobboooooooon
000000000000 0000000000000OuncheckedOcheckedOskippingd
s-checkedO halting 000000 0statusD0 00000000000 (p,«) = h(p,B) 0O
00000000000 (Max{lel,|8|}, Min{|a|,|8}) 000000000000000
goooobbbbboooooooouooooob bbb oooooooo
dooooooboboooooooooooooobboboooooooooooooon
0 ¢ £#T00000000000unchecked 0000 skipping 000000000
0ooooooo“nh=Th"00000000
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while 00000 unchecked 0000 skipping
goooooooooo.

do

0000000000000 0O0oooo
00000 PO(p,a)=h(p,B)000.
Oifa=e00 B=c¢

OO0 then if h=c¢

00O then PO checkedDODO.

000 else “Th #T>” 000000 halt fi

OO0 elseif POODOODO (p,a) =Rk (p,4)000.

000 then if h=h'

0000 then PO checkedOODO.

0000 else “In £#75” 000000 .halt fi
O00elseif POOOODOODOO (OO 3.4.2)0
goooooon.

0000 then if POODODODODOO (0D 3.4.3)
00000 then POODOODOOOO,000
gobobooobo,bbbboooobobuooooo.
00000000,0000000 (00 3.4.5)00
O0000000,0000000 haltingOd00O.
Ooooooifoo0dooooooog.
0000000 then POOOOOO s-checked
00000000000,skipping 000.
0000000 else PO s-checked 00O .fi
00000 else (O (3.4.13)0000)
000000 “Ty #7>,” 000000 .halt fi
O000elseif POOOODOOOOOOOO.
00000 then 000000 ,checked 00 O.
00000 else “Iy #7>” 000000 .halt fi
O fififi

od

031 O0OOoood
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345 0O0O0O0O

O0000000DoooOO0Oddpdto 7,7, 000000000000 3200000

00000000 ooouoooouooo 330360000
Tl = {Q17F1725A7M17q0172017¢}
Ty ={Q2, I, X, A, 12,902, Zo2, ¢}

0o DQI = {q01ap7Q7S}v Q? = {q021p7 q,7, 5}

FIZ{ZODAvBac}a F22{2027D7E7F7G}7 Ez{aabacvd}v A:{a,b,c}

( (qu,Zm)aTi%p,AB)
ale ' 5 b/e
(p7A)—>(p7A )7 (paA)—><870)
=13 (o, A-Lo(g6), (0, A) s (p, A)
d/ab d/abc
(Q7A)—>(Q75)7 (%B)—)((Lg),
e/ab d/abe
\ (s, A)——(s,¢), (s, B)——(s,¢), (s5,C)——(s,¢)
( a/ab
(q02, Zo2) ——(p, DE)
a/ab b/e
(p, D)——(p, D?), (p, D)——(5,¢),
(5. D). D), (5. D)——~(5, DG)
H2 = (q,D)E/—C>(f,5), (f,D)i(f,e),
B d/e B ele
(7, E)——(7,¢), (r,G)——(7,¢)
(5. D)~ (5.), (5, E)—(5, F),
B d/c B B e/e B
L <S7F)%(57€)7 (SaG)—>(57€)

ggoboboooobboooobbboogobbbouoooboo

TRANS(Q(H, Z()l) = TRANS(QOQ, ZOQ)

Ve

c/e

\

J

0000000 = {(ad*)"bed/(ab)™c | n > 1} U{(ad*)"cd"/(ab)"c | n > 1}.
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T ={C, I, 2, A, u1, 91, Zor, ¢}
dfab

(g.6) 2L (g, 1) (3, 48) «—YP (g 42B)«—
C C C
(q01, Zo1) —4—» (p, AB) — 4 —» (p, A’B) — 4 (p, A’B)——
[ s
v v v
(5,CB) (s,CAB) (s,CA’B)
C C C

T2 - {Q2J FQJ 27 AJM27q027 Z027¢}

(f,&‘) < d (r,E) < d (f,DE)<¢ (F,DQE)<—
6/6[ 5/4 5/4
(#,DE) (7, D2E) (@.D°E)
c ¢ ¢
(qo02, Zo2) ajab (p, DE) a/ab (p, D’ E) a/ab (p, D’E)—
bl \d b \d bl \d
(5, F) £ (s DE)‘TE (5, D2E)
¢
¢
_ d v
(S,E) <_L(§,F) (5, DGE) a/ab
bl \d ]

032 000
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@ (901, Zo1) = (qo2, Z02)

a/ab

(@ (p, AB) = ab(p, DE)

a/ab

033 00

@ (9, B) = abe(r, E)
abe\d
(4,¢) = (r,¢€)

= ab(p, DGE)

@3 (g, B) = ab(§, DG*E)
e V halting (by @]

oo T(Tl . Tg)
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a/ab

@

b

19 (s, CAB) = (ab)*(5, DE)

gfe
&
: @9(q, AB) = (ab)’c(r, DE)
@9 (s, CAB) = (ab)*(5, E) ai\d
‘ @)(g, B) = abe(r, E)
@D(s, AB) = (ab)*(5, F) v (=@)
ab\e
@ (s,B) = ab(s, F)
V(=) @ (p, A2B) = (ab)*(p, DGDE)

be

@ (s, AB) = (ab)(5, F) ¢
V(= @)

@ (g, AB) = (ab)*(§, DGDE)  @9(9,AB) = (ab)*(g, DG* DE)
/e V/ halting (by @)

@(q,AB) = (ab)?c(r, DE)

V(= @)

034 0000 T(Ty:T,00000
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@) (p, A*B) = (ab)®(p, D*E)

afab s
b
@2 (¢, A’B) = (ab)*(¢q, D*E)
@9 (s, CA’B) = (ab)*(5, D*E) e
2 @3 (g, A’B) = (ab)’c(r, D* )
@9 (s, CA*B) = (ab)’ (s, E) d ab\d
¢ @(q,AB) = (ab)zc(F, DE)
@0) (s, A*B) = (ab)?(5, F) V (= @)
ab\e
@D (s, AB) = (ab)?(5, F)
V(= @)

@9 (p, A°B) = (ab)®(p, DGDE)

/ Nmﬁﬁ;ﬁ;@
be i

@0)(s, A°B) = (ab)*(5, F) ¢ 39 (¢, A2B) = (ab)*(q, DG DE)
V(= ) / halting (by @)
@ (¢, A’ B) = (ab)*(§, DGD*E)

gfe

@9 (g, A?B) = (ab)?c(r, D*E)

V(= @)

035 0000 T(Ty:T,00000
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@ (p. A*B) = (ab)'(p, D'E) FBER @
BIRRISH A, @

@ (¢, 4°B) = (ab)*(q, D*E)

@ (q, A’B) = (ab)*c(r, D°E)

ab\d

(q,AzB) = (ab)3c(7, D*E)
V(= @3)

ab\acd/abe

(¢, A’B) = (ab)*(q, DGD?E)
V halting (by @3)

HEHER: T = TY

036 0000 T(Ty:T,00000



030 0000000000000000000000

35 JOooooog

00 3.5.1 7y =7,0000000000000000 ¢, =7"000000000
oooooooo
00000000000000000%,#7,"0000000000000000000
000000000000000T7,=7,0000000000000000 “Ty 7Ty
0000000000000000000000000000000000000000
0000000000000000000T, =7, 00000000000000000
0000000000000000000000000000000000000000
0000000000000000000000000000000000000000
(fDoooooooooo

T(Ty:T,) 0000000 (p,a)=h(p,F) 0000000 3.330 0000000
00000000000000000000000

o < or =40 {(|A] + 1) + (|1A] + 1)} + .

000000 [TomSei89], p.50, Lemma 5.1. Proof. 00 000000000000
T(Ty:T,)000000000000000000 |Qu(h]+1)9* 000000000
00 [Tom84], p.95, Lemma 3.9. 00 000000000000 (p,a) 000000
(p,)00000=X0000000000D00000O000 3320 |a<er00000
ugboodaogd

[RW-Seg(p, 8)| < B(la|) < B(er).

000000000000000 RW-Seg(p,3) 000000 (|Ik]+1)BYr)ooon
D0000000000 «0000000000000000000000000000
e-000000000000 |Q.]000D0000000N0NDN0DN0DNON0NON0N0OD
00000000000 000000000 B(pr) 000000000000000
1Q.|!®?l DD D000 0D00D00D00DO00O00O0OONOn

|Q2||Q2|3(90T)+1(|F2| + 1)B(<PT).



030 0000000000000000000000

000007 (Ty: 7)) 0000000000000000000O0DO0OODO0OOOO0
godobobooooboboooooo

Q1| (|11 ] + 1)¢T‘Q2||Q2|B(<PT)+1(’F2| + 1)B(<pT)‘

gdddoooodddoooodggoooooggooooogdgoood
(p,a) = h(p,B)
(p,a)=h(p,f)00000O(P,A) = (pF)

0000000000000000000000000000 33.1@G)0000000
000000 A=K 00000000000 342000000000 (a)00000
0000000000000000000000000000000000000000
0000000000000000000000000000000000000000
0000000000000000000000000000000000
((ip00D0000000
0000000000000000000000000000000000000000
0000000000000000000 ()0000000000000000000
0000®0000000000000000000000000000000 3.4.50
0000000331 (Gi)00000000000000000000000000

00 3527 #7,0000000000000000 “Ihy# x> 000000000
goobooood

ggob bobbooogobboooobooboooobobbooobobbooo™oooboog
0000 #7,’0000000000000000000O00O00OO0OOOT, =T,
0000000000000 000000000o0U00oO0oo0 IT(Ty:Ty) 00
000000 dpda00000000000DO0O0OOOOO ClaimE,,(i) 000000
OO000O0O00OoOoOoOoooogocClaimE,, 0000O0OC0OOOO

ClaimE,, T(Ty:7,) 00000000000

(p,a) =h(p,B) D00 € I (3.5.1)

goooobbibibibibil a=a1ae 00000

(p, v | CVQ)%W) (r,e ‘ az)
1
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(B, B) L2 (7., D)

T>
ooooooooo (), (i), (i) 000000
()000000000 weX*, 21,20 € A", reQy, (7, 0) €Qux [y 0000000
ty € AY* 0000000002t =hz, 000000
(i) OO wo € I*, 210,200 € A*0000000000000O0O07T(Ty:T,) 0000
ooo

< (pon | a2) = h(p, ) >0,

T(Ty:Th)
000000000 < (re|az) = tg(7k, &) >

0000(r as) = t,(7k, 8) 000000
(i) 0000000000000000000

RW-Pop {(]3, ﬁ)m;%(fk, 30)]

2

DDDDD:RWP@k@mé§éwmm]

2

H

OO D(fk,ﬁo) (fk,a)

DDDDH:M@m:%iGm%)

2

DDDDDDDDD(zM@@:%ﬁ@me.

2

ClaimE, 000 OO0 [Toms4], [TomSei85] 000 000000000000000
0000O0m=10000w=e€ XU{e}00000000000 (3.5.1)00000
000000000ClaimE; 0000000000000 (3.51)000000000
0000000000000000000000000000«00000000000
00000000 «0000000000000000 (351)00000000000
00000000000000000000000000 ClaimE; 00000000

0000000 m(>1)0000 Ey,Eg,...,E, 0000000000000E, 0
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000000000000
(A) 0O (351)00000000000
T(T,:T,)00000000000000000

z21\a/ 2}
< (paal | a2) = h’(pvﬂ) >;>
T(T1:T>)

000000000 < (,a) | a) =0 (F,08) >

0000w =aw', a€ X, 21h' =hzy, I € AT

000000 (p,dhay) = R(p,4) 00000000000000 E, DODOOODO
oooo

(p/,Oéll ’ OQ)%(WL)
1

(rie | az), 21 = 2127

(0", 8")==(7%, 0), 22 = 2525

00000 w' € X%, 2,2 € A*, reQq, (7,0) €EQox [y 0000000 t € AT
O000000002/t, =h2/ 000000000000 (3.51)0000 Epya(i)O
0Do0O0oo0od

00 2zt = 2127t O (21 = 212Y)

0000 =220 0 (2t = WzY)

0000 =2\Wz, 2,2l

0000 =hz 0 (h=2Kz,""

)72 = 2p25)
000000000000000000Em (i), (l)000000000000 (3.5.1)
0000 E,00000000000000000

(B) 0O (35.1)000000000000

000000000000

(b 01 | @2) =200 (e | a)

1

(5. )25 (7, 9).

00o00oo00ooooOo (35.1)00 (342)000000000000O0DO0ODOOOOO

(. A | @) =250 (g, | o) (35.2)
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(q7a/1/ ‘ az)%(mu)
1

(r,e | o) (3.5.3)

x/v z' /v’

2 2

0000w =22, a; = Ay, " = afas

0000 m4+m'=m+1, 21 =ud, 2o =0vv.

0000000000 (35.2)00000Ew (1<m'<m+1)0000000000
00000000 (3.4.2)000 (3.4.3)0(3.4.10)00000000000000000
000000000000000000000 (343)000000000000000
00 (A)O0OO00000E,Eg,..., By, 0000000000

/U (!
(p, A | W")?( ) (g,e | W)

_ x/v _
(D, ﬁ/)?(%ﬂ/) 00 (1<m <m+1)

2
0ooOoooooooo (), G, ([ 000000

(i) 00000000 € 5% uv € A", g€ Q, (§j,7) €Qx [y 0000000
t e A 00000000w =hv000000

(i) DO 20 € Z*, up,vp € A*0000000000D000OOT(Ty:T,)0000
ooo

A "n = n (5. 5 uo \To/vo
< (p,A|w") (p,ﬁ)>ﬁ>l

000000000 < (g¢|w’)=¢(G,7) >

0000(qw”) =t (q,7) 000000,
(iii)/DDDDDDDDDDDDDDDDDDD
2

00000 = RW-Pop [(13, ﬁ’)%(%,v’)}

2

H
00 0(g5,7) = (5,7)
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O000H = ‘(p, ﬂ')%(@jﬁ)’(l))

DDDDDDDDD(:M@&%%%#%W@
2

)

00003 0000000000000 (342)000000 (3.4.11)0(3.4.13) 000
0000000 (3415 00000000000000000000

wo/vo

nzbws%knﬁkiémwm”

ooooo = ‘RW—Seg [(]3, ﬁ')%(%’ﬁ/)] ‘

2

0000000200000 (3.4.4), (3.4.6), (348)000000000000000
00000 (3450347 000000000000Ey,Esg,...,Epmy; 000000

0000000 2,20 € X*0000000 s, € A™*00000

us = gv, us' = g'v, ugs = gug, ups’ = g'voy

00000000000 34200 (3.4.15)0(3.4.17)0000000000000000
000 ut=hv000000000E, () 00000000000000000 (3.4.15)
000000000000 (3.414)000000000000000000000000
D0000000000000EL (i) 0000000000000000000000
00000D00000000000000 (342)00000000000000000

gogoobooooobooo

w00 \Zoo /v
< (p’ Aa”) _ h(ﬁ’ ﬁ) S 00 \Z00/v00
7173:75)

00000000000 < (g,&") =g, 70) >

0000(q, ") =t(g,7,) 000000.

000000000000 000o0o000O (343)000 xge € X*U000O0O0ODODO
T(T,:7>)00000000000000000O000000O0O0O0ODO0OOO0O0OO
iy 0DO00D00D0O00O0DO0DOO0O00O00D00O00O0DO0ODO0OO0O0DO0O (34.14)00
000000000000000000000 (3440000000 (i) 000000
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O0EL (i) 00000000000000 By (1<m' <m+1)000000000
0000m =m+1000000000000000Emy; 0000000000

000000 (352)00000m <m+1000000000000000 (3.5.3)
000000000000000000 (3.52)00z€ X*000000000000
00000000000 (¢,0") =t(g,y)00T(T, :T,) 0000000000000
0 (A)00D0D00000D0000000000000000000000000000
T(Ty:T»)00000000000000000000000 (341500000000
0000000 (¢a")=4(g,) 000000000000000000000Ey, 0
00000000000000000000 (3.53)0000000000000000

goooooooooOoO0ooo00DO0U0b0DO0DE,.O0O0O0DODOO0ODDOOO
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3.6 OO
OoooOoo0oooooooooO

00 3.6.1 00000000 U0OOOODO0ODOUOOOOOOOODO (33000000
O,p.l7)00000OU0CO0OO0ODOOUOOOUOOOOOOO



(1 4[]

Joooooboooboboodddd
Jooobobobbobd

4.1 00O

000000000000000000000000000000000000000
goddooooooooooooooooooooooooooooooooooo
000000000000000000000000000000000000000
0000000000000000000000000000000000000dpda
goooooooobooooooooooooooooooonooooooooooon
000000000000000000000000000000000000000
00000000000 0000000000000000000000000000
0 [WTS9], [WT91], [HTW95]L]

0000000dpdt00000000000000000000000000000
0000000000000000000000000000000000000000
0000000000000000000000000000000000000000
00000000000000000000000000000000000dpdaln
000000000000000000000000000000000 dpdt0000
0000000000000 00000000000000000000000000
000000000000000000000000 [HTW9] 00000000000

49



040 00000000 O0O0O0O0OO0O0OO0O0OO00O0O0O00O0000000

50

00000D0000000000D000000000000000000000000
00000D0000000000000000000000000000000000
00000D000000000D0000000000000000000000000
0000000000000 000000000000000000000000000
0 [TomSei89], [SeiTW07a] 00000000000 dpdt 0000000000000
00000000000000000000000000000
0000000000000 00000000000000000000000000
0000000000000000000000000000000000000000
D000000000000000000 [Ba07]0000000000000 [Ba07] O
0000000000000000000000000000000000000000
000000000000000000000 [Ba07]0000000000000000
00000000 [Ba07] 000000000000
0000000000000MMO0 [SeiTW0S)00000000



040 00000000 O0O0O0O0OO0O0OO0O0OO00O0O0O00O0000000 51

42 0O00O0O0O0OO
sisislulululululululululululululululnln

00 4.2.1000 [HTW95], p.306, Definition 2.2 00 O

00 dpda M = (Q, I, X,6,q0, Zo,¢) 00000 ={Z,}000000dpda M 00O
000000000 DODO000O0ODODOOdeterministic restricted one-counter automaton;
droca0 0000000000 dpdt T =(Q, 1", %X, A, u,q0,Z0,¢) 00000 ={Zy}
000000dpdt 7T 00000000 DODDOODOOOO deterministic restricted one-
counter transducer; droctD D0 000000000 OODOdroct TOOOODOOODOO

OO0 drocal MOOOOOOMOTOOO drocal0O0OO

00 4.2.2dpdt TOODOO (pa)e Qx *O00000000000000000
dpdaD M OODOO

FIRST ive(p, ) = {a € FIRST(p, o) |

100000 (p,0)——(46), La.0) #

000000 forsome qge Q, €'}
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43 0000000

D00000000000000000000 droct 0007, = (Q1, 11, X, A, p,
Q015 Z01,9), To = (Qa, I, X, A, pia, o2, Zo2,¢) 0000000000000 OO0O0O
drocad 00O drocalO M;, M, O00ODOO0O000000 HTW9)OOOOOOOO droca
D00000000000000000000000000000000000000
000000000000000000 “M; =M, 000000000000000
OOdroct 0 74, T, OOODO0DO0O0D0ODO0ODO0ODODODODODODOOOOOO
0000000000 Ae 00000000007, 000000000000000
Zy=A0000000000000

O000D00000000000 [Ba07)000000000000000000O0O0
000 droca0000000000000000000{a™"|n>1}uU{a"c|n>1}
O00000000000dpda000000e" 0000000000000 0O00
D000000000D00000000drocal 000000000000 OD0O0O0ODO
D00000000000000000000000000000000000000
00000{a""c|n>1}000000000000dpda000000r00000
D000000000000000000000000000000000000000
O00000000000000000000000000Odrocad00000000

00000000o00o0o0ooooooUn Ba0rjOUO0OODOOOOOOOO

00 4317, =T7,00000000 (i), (()000000

o0 we X w,wa € A, peQi,peEQe,ac Iy, fecly00000

(qo1, Zm)%(p, @) (4.3.1)
(go2, Zoz)%(ﬁ, B) (4.3.2)

0000000L(p,a)#¢00 L(p,B) #¢000000wh=w 00000 he A+
0000000000000

(p,a) = h(p, ). (4.3.3)
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(i) 00000 v e %, wj,wybe A*00000

W' fw)

(qo1, Zm)?(p; @)

1

(902, ZOQ)%Q;’ B)

2

00D0000w/h =wb0O000 he A 0000000 0A=A 000000
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00000 C, (U; €C,) 000000000000 (i), (())000000

(i) DO hy, b, € A 0O00DOHU;) ={(h;,h)} 000000000000 U; 00

00 hy,h, 000000000000 U; 000000000 droct-SE0O0D S 00
000000 a;,u;,v; 0000000000 hy=hy, h=h,0000

(i) 000000 G, 00000000000 DO0OUO
I(Ck):{(xoauo,vo)EEerA*><A*\

00O000000v(U,) = (xo,u0,v), Uj € Cr}.

00000I(C,)00000000000000000
[1(Cy)| < D?

0000pPO0O0O0 433 (H)0000

0000 000()00000000000000 U;0000000000000000
O droct-SE O 0O O Sjl,SjQDDDDD

Sjl = ((pkaﬁkvajvﬁj),hh (xlaulavl)a (akvﬁk)ahll)
Sj2 = ((pkaﬁkvajvﬁj%h% (113'2,'1,62,'1)2), (almﬁk)ahé)
for some x1,29 € X7, uy,us,v1,ve € A*,
000000000000 hy, he, k), hh € AT
DDDDTl ETQDDDDDDthSjgDDDDDDDDDDD(pk,Ozj)Ehl(ﬁk,ﬁj)|:|

(pr, ;) = ha(pr,3;) 00DDDD0O00.000000 431 (i))00 hy =h, 0000
000000000000000000R, =R, 0000000000000000
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000(i)000000|I(Cy)| 00000 ¢,000000000000000000
ooooooooo

U; = U(pk, Pr, i, Bj, o, Br) (# @)

for some o € I, B; € I'y

000000 U,;€C,000000000000004510000000000000
000000000000 433 @G)0000000000|a|>D, |6;>DP0000
000000000000 U, 0000000000000 »(U;)0000000000
000000000000000U; (#¢)000000000000]e,|<D,000
6;]<DPOO0O0OD U, 0000000 D20 |I(C)|00000000000000
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U; =Ulp, p,az, 85,0, 87)

p, 0, 0,85, a", B BRA—Th 5, Hildroct-SEHEB I DES.

o p
i)
P
5'30/“0
o o
hs K
P
.’L‘D/’UD
BH
17
v
Bi B

i HIRWHER -
REAH DR SFI/

v(U;) = (=0, uo, v0)

H(U;) = {(hy, hy)}
=T, DL,
hi B € AE* 1%
BABAL U 1220,

—EICEED.

045 0000 U; 000
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00 452 7y=7,00000000 ()0@GE)000000

(i)Tl,TQDDDDDDDDDDD droct-SEODO0DODOOOOCDOOOOO
C(Ty : To) = {Cx = C(pr, P> ks b)) | Cr # 0,
0000 pr € Qu, Px € Q2, g €I, Br € I3}
goooooooooooooouooooooo

C(Th : T»)| < |@Q1]|Q2|D?.

(i) 0000000 C,eC(Ty:Th) (Crh #¢) 0000000000 451 (1)0000

D00 U; €C,000000 hy, bl € AA*00000HU;) ={(h;,n)}000000

OO000000 C,00000
H'(Cy) = {h € A | H(U;) = {(h.h)},
00000 (he AT and W € A7) or
0000000000 (he A1 and A € AY),

00000000 Uj € Cy for some b’ € AT*}

000000000000000000000000
|H'(Cy,)| < 2UD>.
0000000 4.3.3 (i) 0000

m)googg 433 (1) 0boodn (ud Ak, 0000000 A% € goood
4.3.3 (i i) O hy, I, n e A%

l * NN/ N — % -1 _ /=121
hj,thA uono hj—hjthDDDDDhJ,hjeA agoo hj —hj thDDDD

00000000 C, 00000
H"(Cy) = {h" € A* | H(U;) = {(h, 1)},
0000 (h,h' € A*and h = h'R") or
000000 (hyh' € A *and b= = B'~1h"),

0000000 Uj € Cy for some h,h' € AT}
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ggobboogooobuoooooboooooo

|H" (Cy)| < 2(U* +U)D?.

0000 0000()000000000000004.33@()0000|a]>D0000
008y >P0O00000 C,=¢00000000|C(Ty:T2)| 00000 |ax| < DO
000|8| <DO0O00000 pg, Pk, ak, S 000000000000

Q1] x |Q2]| x D x D

0000@() 0000000

000G, ({H)00000000000000000000 (20, g, v0) € I(Cy) O
00000000 »(U;) 0000000000 U;000000000000000 U
00000 H'(Cy), H'(C,) 0000000000000 433 (iil) 000 Ju| < U,
vo|<UODDD0O00000000 204, 2U?+Y)00000000000000000
I(C,) 0000000000000 D000000000000|I(Cy)|000 D200
000000000000000000000 451()000000000000000
00 U; 00000H(U;) = {(h;, 1))} (for some h;, b}, € A**) 000000000
OD00D000H (C,)000000000000000000000A; € AT 00
h, € AT'00D000h; € A~F 00 K, € A*0000000000AR; 00000
0000000000000 2/00000000000000 hy,h,up,00 00000
uph; = hjuy 000000000 4.3.3 (i) 0000 ue| < U, Jvo] YO DODOOD
O0|h]] <UDDDDOO0O0O00droct-SE0DDDDDOOODODODONOD m0O
0000z € ¥T0000000000000000000000 g€ A®*0000
uf'g=hp 000000000000k € AT0000000000000R, €A™
00 up € AT(up #6)00000000mO00000 |h|<|uf|000000000
00000000 »,n” 00000k =u? "u000000000h; € ATOO0DODO
A, 0000000000000000000UO00000000000000OA; € A~
0000000000000000000000000 #/,n”" 00000k =) )y,
0000000000000000XW00000000(@G)0000000
D0DO0H"(C,)0D0D00000000000000000h;,h, € A*00 by =

N/ / — % =1 _ g/=1gpn ) "
hjthDDDDDhj,hjeA go hj —hj thDDDDDD U;0o000o th
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00000000000000000 2U*4+U)000000000000h;,h;e A*O
00O0uel < v 0000000000000h|<I[h;000AR eA™000000
DDuoh"j:uohjh;.'_l:hjfuoDDDD|h;’_1|§|UO|DDDDDDDDDDDDDDDD
DmDDDDh;”l:vém)DDDDDDDDDDDDDDDDDDD hyO0D0D0000
00 v 0000 UD0000000A,h; e A*0000 |ul > v 00000000
00000k >|h5[000 A e A*00000000uh] = hjvg = hihjvo 0000
O00O0Odroct-SEDDODO0ODODDDOONODNDODDO mO00002 e Xt 0000
00000000000000000000000000mO0000000 ge A* 0
00000ug'g = R;hJvg", lug'l > |W5R| 00000000 |R]| <|u/ 0000000
oooo0o0o0oooon Ogn’gu,ogn”gummmmmh;’:ug"’)<””>uODDDD
000000000 A/ 00000000 U?000000000A,K €A*00000
OpD000000000K?+U000000000000000000A,A €A~*0

00000 R'0D00D000D00DO0ODO0O0O0O0O0OO0DGH)O0DO0ODOO0OO
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Ck = C(pkaf)ka Xk, /Bk)

Pr a7 T C(T) : Ty)
AT & T 7 BRI
- . ST A — 4.
L s H(C)
hedt andh € A~
H AT,
h K he AT and K € A

L7 BGE DT,
ZIE A — 4.

- x|H"(Cw)| 13,
hoR € AT BBV,
h,h' € A™" L7
Ba 0BT, ZEAA—X.

046 0000 CR,OODO
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() T(Ty : T,) 00000000 (pa)=h(p,4) 000000000000

= 1677p7|Q1]""| Q2|

00000e<eO0O00000
(i) 7(Ty: T,) 00000000000000000000& 000000

S = k1|Q1]|Q2]¢”.
(iii)T(Tl:TQ)DDDDDDDDDDDDDDDDDDDDDDDDDD S’'0o0oooo

S" = | X[+ k1|Q1]| Q2]

0000 0000@G)00000000000000 45230000007, 7,000
00000000000 C(Ty:T,) 000000000000 Cy,eC(Ty:T,)0000
000000000 C, 0000000 4.5.2 (i), (i) 0000000 H'(Ck), H'(Cy)
0000000000 ¢ 00000

¢' =D x |C(Ty : To)| x ([H'(Cp)| + [H"(C)]).
D0000000 ¢ 0000 CyeC(Ty:T»)000000000000000000
00007, 0000000007, 000000000000000000 4.3.3 (i)
000POO00D0D000000000000000000 droct-SE0D0DOOOO
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0000000000000 droct-SEC0ODOODOOS,, Se00000O0
S1 = ((pr> Pr, 1, B1), ha,y (21, un, v1), (ks Br), 1)
So = ((Pk> Pk, @2, B2), ha, (T2, u2,v2), (ak, Br), hy)
for some pi € Q1, Pr € Q2, ak, a1, a9 € I,
B, B1, B2 € I'y, hi,hy, ha, by € AF

—+ *
T1,T2 € X ; U1,V1,U2,Vg € A*.
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000000000 (A),(B), (C)D000D0O0DOO0DOODOOO0O
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O (hi,ho € AT and Ay, b € A*) 0000 hy = he
(B) hi,ho, Ry, b, € A*O0D0D0000 R € A*0D0000O
O hy = hih", hy = hHR"0
(C) hy,ho, by, b, € AX* 000000 K € AA*00000
O hy = hih", hy = hHh"0
0000¢' 00000000000 433000 4520000

@' =D x |C(Ty: Ta)| x (|H'(Cy)| + [H"(Ck)])

<D x |Q1]|Q2|D? x (2UD? + 2(U* +U)D?)

= 2D°|Q|Q2U (U +2)

= 87p°1Q1 *|Q2*((Tp|Q1]*1Q2*) + 1)

< 870°Qu1[%1Q2[* (79| Q1*|Q2|?) x 2

=167°p"|Q1["Q2|"" =
D0000000000000000000007(Ty:7,)000000 (p, ) = h(p,B)
O0000|al > 0000000000007(Ty:T») 0000000000000
000D000000000000000000000000000000000000
¢ 00000000000000000000000000000000000000

droct-SEO OO &, S 000 7,7, 0000000000000000O00O00O0OOO
ggoo

(pkraal) = hl(ﬁkwgl)a (pk,ak;Oél) = hll(ﬁk‘aﬁkﬁl)a

(P, a2) = ha(Pr, B2), (Pk, arcz) = hy(Pr, i)
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0000000000000000000000000000000000 (p, apog) =
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0000000000000000000 (pa)=h(p,)00000|a<e00000
oooooo

000()00000000000 ()0000000000000000000000
0000000000000000000000000000007(7::7,)00000
oooooo

Q1] X ¢ X |Q2] X ki = k1]|Q1]|Q2]¢>

000000000000 GH) 00000000000000000000000000
|X|0000000000000000000000000000000 |Q,)00000
0 ()000432(1)000000000000000 |Qexke 000000000

000G 00000000
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ar
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> ¥

h, R, g ¢ DIEFRL 20D
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0000007, =7, 000000007(Ty:7,)00000000|Q4], |Qal, |2,
T, p, k0000000000000 S8=8x8"000000000000000
00000000000000000000000000000000000000
007T(Ty:T,)00000000000000000000000000000000
0000000000000000000000 4310000 70 p0000000
O(|p|+ |p2|) 0000000k 0000000 (p,A)0000000O0O0O000 w0
DDDDDDQpr%é@@DDDDDDDDDDDDDDDDDDDDDDDDD
0000000000000000000000000 |@;/000000000000
00k <|Q?000000000000007y=7,000000000000000
0000|Q4], |Q2l, |12, |u1], |pe| 0000000000000 00D0

452 TV'=T,0000000O

000N #7,0000000000000000 “Ty#T,’00000000000
000000000000000000000000000Ty #T, 000000000
0000000000000 000O00O00O000D0oUOUDOO0 #T, 0000
OO0000O000ooOoOooo “n=7Ty000000000000000000

00 4.5.4 T, #7,0000000000000000 “Ny#7,’ 0000000
0000 00000000000000000000000000 “Iy#7,> 00000
0000000000007, =7,000000000000000000000000
00000000000000000 7(7y:72) 00000000 ClaimE,, ()000
0D000000000000000

ClaimE,, 7T(7y:7,)00000000000000

(p, @) = h(p, B) (4.5.1)

for some p € Q1, p € Qo,

O0000aely, Bely, he AT
O00000000 a=ajag, a1 € 1700000

(py o | ag)%sm) (re | az) (4.5.2)

1
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for some xz € X*, u,v € A%,

googo rEQl,(f,a)EngFZ*

000L(ray) #¢000000 (i), (i)000000
()00 te AA*00000uw=h 000000
(i) 00 2o € £*, up,vo € A*00000000000000 T(7y:T») 0000000

uo \Zo /vg

= h(p
< (paal | 012) (p7 6) >T(T1:T2)

000000000 < (re|a)=t(F0)>.

ClaimE,, 000 O ClaimE, 00000000 3.5.20 ClaimE, 00000000
0000000000000000000000000000000000000000
000000O0m=1000000 (451)00000000000000E, 0000
0000000000000000000000000000000000000000
0000 (451)000000000000000000000000 E,000000
oooQ

00000 n(>1)0000 Ey,E,,...,E, 0000000000000 Epyy 000
000000000000 (452)0000 m=n+1000000000 (45.1)000
000000000z =a2’, a € FIRST.(p,a) 0000000 « 000000000
00000 7T(7y:7»)0000000000000000000000 Ey,E,,...,Ey
000000000000000 (451)0000 Eyny, 00000000000
0000000000000000000 (451)00000000000000000
00000 (452) 0000000000000

(p, A | o/')%(m) (g, | o) (4.5.3)
(q,0 ‘ az)%(w) (e ‘ az)

1

0000z =z1x2, U = UjUs,

n+l=n;+n (1<n; <n+1),
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a; = Adf, o = afas for some o, af € I'f

DDDDL((],O/’)#ngDDDDDDDDnl:n+1,n2:0DDDDDDDDDDDD
DDDO/{Z&DDDDDOQ:ADDDDDDDDT(T1:TQ)DDDDDDDDDDDD
goooggboogooodg

(p,wo1) = ho(P, wo2)

for some w01€F1+, wogef;, hg € AT,
000oO0oOoO000ooOOoObOo0000D0bO000OELE.,... E, 0000000000

0000000000 00000DoO0o0Uo0OO0 45.)0000000DOODOOO

ooo0o0b0 E, 0000D000O00OO0x, €eX*000000
(p, A | i) 22 (g | wiy) (4.5.4)
1

_ / _
(l%woz)%(q, ’Yoz)

)

0000wy = Awyy, why € Iy

for some v; € A%, g € Q1, (¢,702) € Q2 X I3
00000000000000L(q,w) #¢000000000000 E,, () 000
000000 tye A 0000000000000

uity = hovy. (4.5.5)
000000000000 By, (i) 000000000 210 € 5%, 10,010 € A* 000

gogobobooooooooodn

ulO\fE10/'U10

< (p,A|wl;) = ho(p, >
(p, A | wiy) = ho(P, woz) (T
0000000000 < (g,¢]|wjy) = to(d,702) >
aooo Du10t0 = h()’Ulo. (456)
000000000000 000000000000000000000 4.4.20 (4.4.11)
D0D0000000te AT*000000

ulot = h'Ulo (457)
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000000000000000000000000000000000000 4.4.1 (b)
000000000000000 441 () 0000000000000MO00000
(4.4.2), (44.4), (445)00000000000000000000000000000
000000 442000000000 (4.4.2), (4.44), (445 00000000000
00000000000000000 |wyg| > |wozl, lwea| = Jwozl, lwsz| = wez| DO 0D
000000 #,20€ ¥*000000000000000000000000000
0000000000000000E,,E,,...,E,.; 0000000000000O0

uis = gvy, u1s = g'vy, (4.5.8)

/ /
U108 = gvi10, U105 = g V10

for some s,s € AT*.

0000044100000000000000 (44.3)0000000000/8> |we|
0000000000 (453)0000000 2, € X%, w € A*,¢e Q000000

ml/vl

(P, w025//)?2>(q_, Yo2/8")

for some v; € A*, § € Q-

00000000000000000 4420000000000 (4.5.5), (4.5.6), (4.5.7),
(458) 000000000 te A 00000000 ut=h DO00000Ey;; ()0
00MO000000000000000000007(Ty:7,)0000000000
0000000000000O0

p B ) w0\Z10/v10
< (p7 A ) = h(p7 wOQﬁ ) >
TK]H:ZE)

00000000000 < (g, ") =G, v028") >

00008 =wepd”, g"ely

000000E,., (I)0000M000000n; =n+1000000 (444)0000
E,.1 0000000

0000000 (454)00000L(¢wl,) =¢000000000000M, =M,
0000000 L(Gye) =¢00000000L(G,y0208") =¢ 000000000
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M, =M, 000000000000 M; 00000000000 L(g,e) =¢00
00000000 (453)0000000000000000 (45400000000
Ligwl))#¢00000000000000000

0001<m <n+10000000000000000 (451)0000000
T(Ty:T») 0000000000 Ey,E,,...,E, 000000000000 (4.5.1)00
0000000000000000000000000 E,; 00000000
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