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Simultaneous Control of Two Points for Snake
Robot and Its Application to Transportation

Mizuki Nakajima1, Motoyasu Tanaka1, and Kazuo Tanaka1

Abstract—The paper presents a simultaneous trajectory track-
ing control method for two points of a snake robot. The
kinematic model considering two regulated points is determined
as a switched system that is switched by lifting a few wheels.
The system becomes a kinematically redundant system by the
lifting of the wheels; however, it has to prevent two types of
singular configurations; one is the traditional one, and the other
is caused by regulating two points simultaneously. Using this
redundancy and selecting the lifted wheels, we design a trajectory
tracking controller for two points by preventing the two types of
singular configurations. The effectiveness of the proposed control
method was demonstrated by tracking experiments as well as
applications, namely, the transportation of an object by caging
manipulation and the steering of a handcart.

Index Terms—Biologically-Inspired Robots, Redundant
Robots, Wheeled Robots.

I. INTRODUCTION

SNAKE robots have long and thin bodies and can locomote
on uneven terrain [1], [2], under water [3], [4], and on/in

piping [2], [5]–[7]. These features indicate the effectiveness
of snake robots for application as inspection robots in narrow
spaces where humans cannot enter and as disaster response
robots. In these cases, the robot moves to the desired point by
remote control or autonomous control. It is highly challenging
for humans to directly operate all the joints of a snake robot
because of the excessively high number of joints. Therefore,
numerous research studies have been conducted on the control
of a snake robot, such as [8].

Hirose has proposed a serpenoid curve based on the motion
of a snake; the locomotion of a snake robot by lateral undu-
lation was accomplished by using the curve [9]. A motion
emulating the following locomotions of snakes has been
accomplished; sinus-lifting [10], [11], sidewinding [11]–[13],
and concertina [14]. Certain researchers have focused on the
central pattern generator and have proposed optimization of
the undulation [3] and a method for collision prevention [15].
As a serpenoid curve, the control method which regulates the
forward speed and orientation of the center of gravity using
virtual constraints as [16]. By using kinematic constraints
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caused by passive wheels, the trajectory tracking methods in
which the convergence to arbitrary trajectories is guaranteed
have been proposed [17]–[21]. Three-dimensional trajectory
tracking by lifting the head has also been proposed [22]–[25].

Researches related to inspection and operation by snake
robots have been conducted. The transportation task has been
proposed by cooperative control of two snake robots [26].
A control method for underwater inspection work has been
proposed by controlling the robot like a manipulator [4].
Tanaka has proposed task-space control method for a snake
robot with active wheels equipped with a gripper at the head,
and various operations have been accomplished; the picking
up an object, rotating valve, and opening small door [27].
In these researches, the robots contacted the object with the
robot’s head or an effector attached to the head. In contrast,
if both the head and tail can be regulated, the robot is likely
to be operable as a dual-arm robot by using the head and tail
as two arms and capable of transporting an object by using
caging [28].

This paper presents a control method that causes both the
head and an additional point of a snake robot to converge to
each target trajectory. The effectiveness of the proposed con-
trol method is demonstrated by an experiment for verifying the
trajectory tracking and two others (transporting an object using
caging manipulation and pushing a handcart) for verifying its
applicability.

(a) Pattern diagram. Dotted lines are auxiliary line. θh and θt represent
the orientation of the head and the tail, respectively. θi represents the
orientation of the ith wheel.

(b) Closed view of the real robot. Yellow dotted lines are auxiliary line.
ψi represents the ith joint angle.

Fig. 1. A model of a snake robot.
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II. PROBLEM SETTING

We use the snake robot shown in Figure 1. The robot has
2n links, which are serially connected by 2n−1 active joints.
Let l be the length of each link. The yaw and pitch joint are
alternately connected as shown in Fig. 1(a). The first joint is
a yaw joint. Let ψi be the ith joint angle; moreover, we set
ψ = [ψ1, ψ2, · · · , ψ2n−1]

⊤ ∈ R2n−1,1. The joint angle ψi is
the angle between the ith link and the i + 1th link as shown
in Fig. 1(b). A pair of passive wheels is mounted coaxially
to both the pitch joint and tail, and the total number of pairs
of wheels is n. Let θh be the orientation of the head, θt be
the orientation of the tail, θi be the orientation the ith wheel.
The passive wheel has a large friction in the side direction
and negligible friction in the longitudinal direction. The robot
locomotes by undulation using anisotropic friction. Silicon
tires have been used in the actual robot as shown in Fig. 1(b).
The coefficient of static friction of the tire is 0.77. It was
measured by preliminary experiment. It is sufficiently large
for locomotion of the robot.

We assume that the environment is a flat plane. Let Σo be
the fundamental coordinate system on the plane. Let the first
and second control points be the two points that are being
regulated. The control objective of the study is that the two
control points track the arbitrary target trajectories. We define
that the first control point is the head of the robot and the
second control point to be the center of an arbitrary wheel
axle.

Here, we consider the case where we permit the second
control point to move and fix the first control point. In the
case where all the wheels touch the ground, the motion of
the second control point is prevented by the friction of the
wheels. If the sideslip of the wheel is not permitted, the robot
can neither move the second control point nor rotate all the
joints. If the sideslip of the wheel is permitted, the robot can
rotate all the joints; however, the motion results in error in the
position and orientation of the head, as in [32].

Thus, we introduce lifting wheels by using the pitch joint,
as in Fig. 2 and [17], [21], [31], [32]. By marginally lift-
ing a few wheels, we can eliminate the velocity constraints
corresponding to the wheels that are lifted. As a result, the
lifted wheel can move to the side direction. However, even
if the number of lifted wheels is adequate, the motion of
the second control point is likely to be limited depending
on the robot posture. This singular configuration is unique
in the tracking control of two points; moreover, it is inde-
pendent of the traditional singular configuration [29], which
occurs when the robot regulates the head. We denote the
traditional one as singular configuration I and the one unique
to two-point control as singular configuration II. The two
types of singular configuration depend on the allocation of
grounded/lifted wheels. Therefore, the robot can prevent the
two types of singular configuration by changing the allocation
of grounded/lifted wheels at regular time intervals. The details
of these singular configurations are discussed in Section IV.A
based on the control models, the control inputs, and the closed
loop of the system.

III. KINEMATIC MODEL

The snake robot locomotes by lateral undulation using the
anisotropic friction of the wheels that touch the ground. We
assume that the wheels that touch the ground do not slide. In
addition, the angles of pitch joints for the lifting are very small,
and the influence on the two dimensional motion of the robot
is small. Therefore, it is approximated to zero in the control
model [17], [21], [30]–[32]. Let ϕi be the angle of the ith
yaw joint; moreover, we set ϕ = [ϕ1, ϕ2, · · · , ϕn]⊤ ∈ Rn,1.
Let pi = [xi, yi, θi]

⊤ be the vector that combines the center
position of the ith wheel axle and orientation of the ith wheel,
ph = [xh, yh, θh]

⊤ be the vector that combines the position
and orientation of the head. The velocity constraint that implies
that the ith wheel does not skid is represented as

ẋi sin θi − ẏi cos θi = 0. (1)

By considering (1) for all the wheels, we obtain

Aṗh = Bϕ̇, (2)

where A ∈ Rn,3 and B ∈ Rn,n.
We introduce switching constraints to (2) as in [17],

[21], [31], [32]. The robot changes the allocation of the
grounded/lifted wheels every tσ seconds. This implies that
the robot moves by switching the model. We represent the
allocation of the grounded/lifted wheels by the unique integer
σ and call it mode. The mode σ(t) is represented as

σ(t) = σk, (tk ≤ t < tk+1) (3)

where tk = ktσ(k = 0, 1, · · · ). The total number of values
of σ is 2n. However, it includes the infeasible/inappropriate
mode; e.g., the mode wherein all the wheels are lifted is
infeasible, and the mode wherein all the wheels touch the
ground is inappropriate because the control objectives cannot
be obtained. These modes should be excluded from the mode
candidates. The details for reducing the mode candidates are
described in Section IV.C.

The velocity constraint in mode σ is represented as

Aσṗh = Bσϕ̇, (4)
Aσ = TσA , Bσ = TσB, (5)

where Tσ is the selection matrix, which selects the velocity
constraints corresponding to the grounded wheel by eliminat-
ing that corresponding to the lifted wheel. Letting nσ be the
number of grounded wheels. The sizes of the matrices are
Tσ ∈ Rnσ,n, Aσ ∈ Rnσ,3, and Bσ ∈ Rnσ,n. The rows
corresponding to the grounded wheels are selected from the
original matrix by the selection matrix.

Fig. 2. The wheel is lifted by adjacent pitch joints.
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Next, we introduce pk = [xk, yk, θk]
⊤, which is the position

of the kth wheel and the absolute angle of the link that has
the kth wheel, to the model as the second regulated point. By
differentiating pk, the kinematic relation is obtained as

ṗk =
[
J1 J2

] [ṗh
ϕ̇

]
, (6)

where J1 ∈ R3,3 and J2 ∈ R3,n. Considering (4) and (6), we
obtain

Ãσ
˙̃w = B̃σϕ̇, (7)

Ãσ =

[
Aσ O
−J1 I3

]
, B̃σ =

[
Bσ

J2

]
, w̃ =

[
ph
pk

]
, (8)

where Ãσ ∈ R(nσ+3),6, B̃σ ∈ R(nσ+3),n, and w̃ ∈ R6,1.
We use (7) as the kinematic model. In the model, w̃ is the
regulated variable. We use both the angular velocity of the
joint ϕ̇ and the mode σ as control input. Here, the singular
configurations I and II are related to the full column rankness
of Ãσ and the full row rankness of B̃σ in equation (7),
respectively. The details of these singular configurations are
discussed in Section IV.A.

IV. CONTROLLER DESIGN

The objective of the proposed controller is that the first
and second control points track the respective target trajectory
simultaneously. Thus, the main control objective is that w̃
tracks the target trajectory w̃d(t). Figure 3 shows a diagram of
the proposed controller. First, the mode σ(t), which represents
the allocations of grounded/lifted wheels, is selected (Selecting
mode in Fig. 3 and Section IV.C)．The kinematic model is
switched depending on the selected mode (Kinematic model
block in Fig. 3 and Section III)．The mode is updated every
tσ and is maintained until the next update. Second, the angular
velocities of joints uσ = ϕ̇ are calculated from the kinematic
model (Joint input block in Fig. 3 and Section IV.A). In
addition, the kinematic redundancies are used to realize the
subtasks (Section IV.B). Next, the input constraint is applied
to the calculated inputs to prevent unstable motions of the
robot, which are caused by excessive input (Input constraint
block in Fig. 3 and Section IV.D)．The inputs are set to zero
if the norm of the inputs exceeds the threshold. Finally, the
actual robot is controlled by using the input after the input
constraint is applied.

The fundamental framework of this switching controller
has been proposed in [21]. The controller can accomplish
trajectory tracking of the regulated variable as well as various
subtasks, by using both the mode selection and redundant in-
put, e.g., avoiding a movable obstacle [21], obstacle avoidance
of the entire body of the robot [17], approximate path tracking
of all joints [31], and changing the posture of the robot while
maintaining the head position [32].

The subtasks in the study are (a) avoidance of joint limit
violation, (b) avoidance of singular configuration I, and (c)
avoidance of singular configuration II. We design the redun-
dant input using the cost function related to subtasks (a)–(c).
Subtasks (b) and (c) strongly depend on the mode because the
two types of singular configurations depend on the allocation

of grounded/lifted wheels. In contrast, subtask (a) is not
directly related to the mode. Thus, we select the mode by
using the cost function related to subtasks (b) and (c).

A. Joint Input

We set the joint angular velocity ϕ̇ as the input uσ . From
(7), we design the input as

uσ=B̃
†
σÃσ

{
˙̃wd+Kp (w̃d−w̃)

}
+
(
I−B̃†

σB̃σ

)
kvη, (9)

where B̃†
σ is the pseudo inverse matrix of B̃σ , Kp ∈ R6,6

is the positive definite matrix related to the feedback gain,
and η = [∂Vu/∂ϕ1, · · · , ∂Vu/∂ϕn]⊤, Vu is the cost function
related to the subtasks, and kv > 0 is a gain related to
the redundancy. The second term of the right side of (9) is
the redundant input, and contributes to the increase in Vu
[17], [21]. If B̃σ is the full row rank, the closed-loop system
considering (7) and (9) is obtained as

Ãσ

{
˙̃wd − ˙̃w +Kp (w̃d − w̃)

}
= 0. (10)

If Ãσ is the full column rank, w̃ converges to w̃d at t→ ∞.
In contrast, if B̃σ is not the full row rank, B̃σB̃

†
σ ̸= I .

Then, the closed-loop system is obtained as

B̃σB̃
†
σÃσ

{
˙̃wd +Kp (w̃d − w̃)

}
− Ãσ

˙̃w = 0. (11)

Thus, it is not ensured that the regulated variable converges to
the target. Even if B̃σ is the full row rank, it is not ensured
that w̃ converges to w̃d when Ãσ is not the full column rank
in (10). Here, only the head of a snake robot is controlled in
traditional studies [17], [19], [21], [29]–[32]. The kinematic
model in these studies is represented by equation (4). Then,
Bσ is always a full row rank matrix because of its elements.
Thus, the singular configuration I depends only on the full
rankness of Aσ , and does not depend on Bσ [29]. In contrast,
not only the full rankness of Ãσ but also the full rankness
of B̃σ may be impaired in this study. From (8), the full
column rankness of Ãσ depends on Aσ . It implies that the
singular configuration related to the column rankness of Ãσ

is singular configuration I as in [29]. In contrast, the singular
configuration related to the full row rankness of B̃σ is singular
configuration II. We have not analyzed the specific condition
where the robot is in singular configuration II. However, it is
experimentally verified that the robot’s configuration at which
B̃σ is not the full row rank. For example, B̃σ is not the full
row rank in Figure 4 when the second control point is the
center of the wheel axle on the tail. The second control point

Fig. 3. Control diagram of proposed controller.
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cannot move in the positive direction of the x axis without
side-slipping of wheels. However, the second control point
can move in the positive direction of the x axis if at least
one of the first–fifth wheels is lifted. When the robot is in
the neighborhood of singular configuration II, the joint input
diverges because the singular value of B̃σ becomes highly
marginal.

B. Redundant Input

The redundant input is used to achieve the subtasks. Let
Vu,1, Vu,2, and Vu,3 be the cost functions related to the
prevention of joint limit violation, of singular configuration
I, and of singular configuration II, respectively. We design Vu
as

Vu = ku,1Vu,1 + ku,2Vu,2 + ku,3Vu,3, (12)

Vu,1 = −
n∑

k=1

f (cϕ, |ϕk|) , (13)

Vu,2 = det
(
Ã⊤

σ Ãσ

)
, (14)

Vu,3 = det
(
B̃σB̃

⊤
σ

)
, (15)

f(x, y) =

{
(y − x)

2
, (if x < y)

0, (otherwise)
(16)

where ku,1, ku,2, ku,3, and cϕ are positive weight constants.
The magnitude of the joint angles can be decreased by
increasing Vu,1 [32]. The singular values of Ãσ increase by
increasing Vu,2. Thus, it can be expected to avoid the singular
configuration I by increasing Vu,2 [17], [21]. Similarly, the
singular values of B̃σ increase by increasing Vu,3, and it can
be expected to avoid the singular configuration II by increasing
Vu,3. It can be expected to achieve subtasks by increasing Vu.
The robot can operate just by adjusting ku,1, ku,2, and ku,3
so that the order of Vu1 , Vu2 , and Vu3 match. The robot may
move more effectively by using the optimal weights. However,
it is difficult to define the optimal weights analytically because
of complexity of the cost function and the control model. The
detailed analysis on optimal weights is a future work.

C. Selecting Mode

The mode is selected considering subtasks (b) and (c).
Singular configurations I and II are related to the full rankness
of Ãσ and B̃σ , respectively. Thus, we select the mode
using the cost function related to the singular value obtained
by the singular value decomposition of these matrices. Let
sσ,A ∈ R6,1 and sσ,B ∈ Rnσ+3,1 be the vectors composed of
the singular values of Ãσ and B̃σ , respectively. If sσ,A and

Fig. 4. An example of singular configuration II.

sσ,B contain zero as the element, the robot is in a singular
configuration. Therefore, we design the cost function related
to selecting modes Vm as

Vm = km,1min(sσ,A) + km,2min(sσ,B), (17)

where km,1 and km,2 are weight constants and min(x) is the
function for obtaining the minimum value from the vector x.
By selecting the mode in which Vm in (17) is large, the mode
in which the minimum singular values of the model matrices
are large is selected. Thus, a mode which is far from the
singular configurations is selected. Similarly to the weights for
redundant input, it is difficult to decide the optimal weights
for selecting mode. The robot can operate by adjusting the
weight in the same way as the weights for redundant input.

Here, we consider inappropriate mode candidates. If the
wheel of the second control point is grounded, the velocity
constraint prevents any movement of the second control point.
The full column rankness of Ãσ and the full row rankness of
B̃σ are necessary for the avoidance of the singular configu-
rations. Thus, the condition nσ + 3 ≥ 6 is obtained from the
size of Ãσ , and nσ +3 ≤ n is obtained from the size of B̃σ .
It is difficult to lift many adjacent pairs of wheels because
of the torque limit of the actuator of the experimental robot.
Therefore, the mode candidates are defined by the following
conditions.

(i) The pair of wheels on the wheel axle, on which the
second control point is, is lifted.

(ii) 3 ≤ nσ ≤ n− 3,
(iii) The robot simultaneously lifts fewer than or a number

equal to nc adjacent pairs of wheels.
where nc is a positive integer. These conditions are essential
conditions for controlling the robot by using the proposed
method. If these conditions are not satisfied, the convergence
of the controlled variable is not guaranteed. Many modes
satisfy these conditions. The computational cost becomes
large because it increases depending on the number of mode
candidates increases. Thus, the constraint condition (ii) is
replaced as follows to reduce the computational cost.
(ii’) ng ≤ nσ ≤ n− nl,

where nl ≥ 3, ng ≥ 3 are positive integers. For example,
the number of mode candidates is 66 when n = 9, nl = 4,
ng = 4, and nc = 2.

The mode σ is selected every tσ seconds considering the
cost function Vm. If tσ is large, the cycle of the mode selection
becomes large and may result in a delay for the robot to
resume from a singular configuration. If tσ is small, the robot
can resume from the singular configuration quickly. However,
frequent mode changes will require corresponding frequent
control model changes. This will result in discontinuous con-
trol input changes (when the control model switches) and the
control inputs become discrete. Therefore, tσ must not be too
small. The larger Vm is, the more challenging it is for the
robot to be in the singular configuration. Thus, we introduce
the following optimal problem in the selecting mode to select
the mode where Vm is large.

max
σk

J, (18)
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where

J = φ (q̂ (tp, σk)) +

∫ tp

tk

Γ (q̂ (τ, σk) ,u (τ, σk)) dτ, (19)

q̂ ∈ R2n+2,1 is the estimated vector of q =
[
p⊤h ,ϕ

⊤]⊤, and
tp ≥ tk is a predictive horizon. The mode is selected by
predicting the motion of the robot between tk ≤ t ≤ tp. If
tp = tk+1, (18) is equal to the optimal problem in [30]. In
the mode selection, we obtain the optimal mode σ(t) = σk
at t = tk by numerically solving (18). σk is maintained at
tk ≤ t < tk+1. The calculation amount increases in proportion
to both the number of mode candidates and the predictive
horizon tp. In this study, we set φ = Γ = Vm and tp = tk to
decrease the calculation amount.

D. Input Constraint

Even if both the redundant input and mode selection are
used, it is challenging for the robot to completely prevent
singular configuration. In addition, if the robot is in the
neighborhood of singular configuration II, the joint input
(9) becomes excessively large. Thus, we introduce the input
constraint as

uσ =

{
0, (if ||uσ|| > ulim)

uσ. (otherwise)
(20)

In the case wherein (20) is used, if the norm of the input
uσ exceeds a threshold ulim, the robot stops moving because
of uσ = 0. Then, the robot has an opportunity to resume
its motion every tσ seconds because of the switching modes.
Ãσ and B̃σ change when the mode is switched. If the mode
wherein the robot can resume its motion exists in the mode
candidates, the robot resumes its motion. In the case wherein
the number of modes, it is little that the robot is in the
singular configuration in the all mode candidates. Thus, it
can be expected that the resume of the motion by switching
mode. The norm of input is calculated using Equation (9) and
depends on a variety of factors such as the target velocity of the
control points, number of joints, and control gain. Therefore, it
is difficult to express ulim analytically. If ulim is too small, the
motion of the robot comes to a halt due to input constraints,
even though it is not in a singular configuration. If ulim is
too large, the robot moves along an unintended path when the
robot’s posture is close to a singular configuration. Therefore,
a value that is neither too high nor too low to avoid both these
problems is used as ulim.

V. EXPERIMENTS

We carried out experiments to verify the effectiveness of
the proposed controller. Figure 5 shows the experimental
system. The serial controlled servo motors XH430-V350-R
(Dynamixel, ROBOTIS, Inc.) are used for constructing the
robot. These motors are controlled by serial communication
from the computer, and present angles can be obtained. The
motors are serially connected by frames which are provided
from ROBOTIS. The number of wheels is n = 9, link length
is l = 0.0685[m], joint limit is ϕlim = π

2 [rad]. We have
designed these parameters refer to previous researches [21],

Fig. 5. Experimental system.

[22]. The marker is mounted on the robot’s head, and the
position and orientation of the head can be obtained by the
motion capture system. The motion capture system, a pre-
calibrated V120:Trio (OptiTrack, NaturalPoint, Inc.) is used
in the experiments. The tracking error of the motion capture
system is under 1[mm], and is sufficiently accurate for the
experiments. The motion capture is updated approximately
every 8 ms (120 Hz) by Motive (Optitrack, NaturalPoint, Inc.).
Motive is an independent system and runs in the background
on the controller. The latest captured values are used in
the controller. We set sampling time of the controller as
δt = 0.05[s], and end-time of the motion as tend = 120[s].
The second control wheel is the tail wheel. Let w̃0 be the
initial vector of the regulated variable; the target trajectory
w̃d(t) is designed as

w̃d(t) = w̃0 +
w̃e − w̃0

tend
t, (21)

where w̃e ∈ R6,1 is an arbitrary vector representing the
terminal target. The position and orientation of the sec-
ond control point is calculated using the position and ori-
entation of the head and joint angles. We set w̃e =[
−0.4,−0.4, π2 ,−0.8,−0.4,−π

2

]⊤
. Let us define cϕ = π

4 ,
tσ = 2, nl = 4, ng = 4, nc = 2, and ulim = 4. Then, the num-
ber of mode candidates is 66. We set the gain as Kp = 4I6,
kv = 2, ku,1 = 0.6, ku,2 = 0.8, ku,3 = 0, km,1 = 0, km,2 = 1.
In this condition, the joint input becomes excessively large
when Vm = 0.005, and the input constraint acts. The initial
joint angles are ϕ(0) =

[
π
6 ,−

π
6 ,−

π
6 , 0,

π
6 , 0, 0,

π
6 ,

π
6

]⊤
，and

the initial position and orientation as ph(0) = [0, 0, π]
⊤.

Arbitrary initial conditions can be used, except for the special
condition (e.g. singular configuration, self collision).

Figure 6 shows the experimental result. The motion of the
robot in the experiments can be shown in the supplementary
movie. Let ei (i = 1, · · · , 6) be the error between the desired
and actual value of ith element of the controlled variables.
From Fig. 6(c), the error of all the regulated variables are
small. Thus, the control points tracked the each target trajec-
tory. The robot avoided the mode where Vm was marginal, by
switching the mode. Thus, subtasks (b) (avoidance of singular
configuration I) and (c) (avoidance of singular configuration
II) were satisfied. All the joints did not exceed the angle
limitation as in Fig. 6(d), and subtask (a) (avoidance of joint
limit violation) was satisfied. As a result, it was verified that
the trajectory tracking of the two control points and subtasks
(a)–(c) were satisfied by the proposed controller.

From condition (ii), the number of wheels that touch the
ground is 4 ≤ nσ ≤ 5 in the experiment. However, all the
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modes selected in the experiment were nσ = 4. It implies that
the robot selects the mode wherein the number of lifted wheels
is higher and that the robot has more redundant degrees-of-
freedom. Although the number of candidates of the mode is
66, the number of modes selected in the experiment is 14.
Therefore, it leaves a margin for improvement in the method
for selecting the mode.

VI. APPLICATIONS

We carried out two experiments involving the application
of the controller; one is the transport of an object using the
robot’s body without neither the head nor tail, and the other
is the steering of a handcart.

A. Caging Transport

In the experiment, the robot envelopes an object by using
its entire body, such as by caging [28], and transports it
by locomoting by maintaining a caging grasp. The constants
and gains are equal to those in section V. We use ϕ(0) =[
0, π9 ,

π
9 ,

π
6 ,

π
9 ,

π
6 ,

π
6 ,

π
6 , 0

]⊤
as the initial value, and the initial

position and orientation of the robot’s head are equal to those
in section V. The target trajectory of the regulated variable is
designed as being straight ahead in the x axis direction.

Figure 7 shows the result. The error of all the regulated
variables are small, and the control points tracked the each
target trajectory. Therefore, it was verified that the robot
could perform the caging transportation task by the proposed
controller.

B. Steering a Handcart

In this experiment, we regulate the robot using the three-
dimensional model derived in Appendix. The control variables
are the three-dimensional positions and orientations of the
head and tail of the robot in the model. The robot steers a
handcart by pushing a handle using the two control points. If
the robot does not maintain the relative position and orientation
between the two control points, the control point separates
from the pipe of the handcart, and the handcart cannot be
steered. The relative position between the two points can be
maintained using the proposed control method. In the case
wherein the robot ’s motion is three-dimensional, the robot
requires more degrees-of-freedom than in the case of two-
dimensional motion. Thus, we used the robot of n = 15. Let
p̄h ∈ R6,1 and p̄t ∈ R6,1 be the positions and orientations of
the head and tail, respectively. The orientation is represented
as the roll, pitch, and yaw. Let (Rh, Ph, Yh) and (Rt, Pt, Yt)
be the orientation of the head and tail, respectively. The target
trajectory of the regulated variable is designed as being straight
ahead in the x axis direction.

Figure 8(a) shows the result of steering the handcart. The
error of all the regulated variables are small, and the control
points tracked the each target trajectory. Therefore, it was
verified that the robot could steer the handcart by the proposed
controller.

(a) The initial condition of the experiment.

(b) Path of the control points and CoM of the robot.

(c) Time response of the controlled variables, the cost function, the
grounded/lifted state of each wheel. ei represents the error of ith element
of the controlled variables. Vm represents the evaluation value for
selecting mode. The red squares represent grounded wheel.

(d) Time response of the yaw joint angles. ϕi represents ith yaw joint
angle. The dotted line represents the limit angle.

Fig. 6. Experimental results of trajectory tracking.
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(a) The initial condition of the experiment.

(b) Path of the control points and CoM of the robot.

(c) Time response of the controlled variables, the cost function, the
grounded/lifted state of each wheel. ei represents the error of ith element
of the controlled variables. Vm represents the evaluation value for
selecting mode. The red squares represent grounded wheel.

Fig. 7. Experimental result of caging transport.

VII. CONCLUSION

We presented a control method that simultaneously regulates
two control points on the body of a snake robot. We derived
the kinematic model, which considers the head as well as
an additional point, and proposed a controller that causes the
two control points to converge to the target trajectory. In this
method, switching modes and redundant input were used to
prevent two types of singular configurations. The experimental
results demonstrated the effectiveness of the proposed method.
In addition, object transport based on caging manipulation and
handcart steering, which could not be realized by traditional

(a) The initial condition of the experiment.

(b) Path of the control points and CoM of the robot.

(c) Time response of the controlled variables, the cost function, the
grounded/lifted state of each wheel. ei represents the error of ith element
of the controlled variables. Vm represents the evaluation value for
selecting mode. The red squares represent grounded wheel.

Fig. 8. Experimental results of handcart steering.

control methods, were accomplished as applications.
Future works will improve the decision method of the mode

candidates and will customize the use of both the redundant
input and mode selection according to each application.

APPENDIX

We derive a kinematic model in which the two control points
move three-dimensionally. Note that the second control point
is the tail of the robot, and the other point cannot be used as
the second control point.
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It is necessary to introduce certain pitch joint angles into
the model to regulate the three-dimensional position and
orientation. We introduce the 1, 2, · · · , nhth and ns, ns +
1, · · · , n − 1th pitch joint angles into the model; these pitch
joints are used to lift the head and tail from the ground. Then,
the 1, 2, · · · , nh − 1th and ns, ns + 1, · · · , n − 1th wheels
are lifted, and they do not touch the ground. Let us define the
vector composed of the yaw angles and pitch angles for lifting
the head and tail to be ϕ̄ ∈ Rnj ,1; here, nj = n+ nh + ns.

Let p̄h ∈ R6,1 be the three-dimensional position and
orientation. From [22], the kinematic relationship related to
the head is obtained as

A
′

σ
˙̄ph = B

′

σ
˙̄ϕ, (22)

where A
′ ∈ Rnσ+3,6 and B

′ ∈ Rnσ+3,nj . Let p̄t ∈ R6,1 be
the three-dimensional position and orientation; the kinematic
relationship is obtained as

˙̄pt =
[
J

′

1 J
′

2

] [ ˙̄ph
˙̄ϕ

]
, (23)

where J
′

1 ∈ R6,6 and J
′

2 ∈ R6,nj . Considering (22) and (23),
we obtain

Āσ ˙̄w = B̄σ
˙̄ϕ, (24)

Āσ =

[
A

′

σ O

−J ′

1 I6

]
, B̄σ =

[
B

′

σ

J
′

2

]
, w̄ =

[
p̄h
p̄t

]
, (25)

where Ā ∈ Rnσ+9,12 and B̄ ∈ Rnσ+9,nj . We use (24) as
the kinematic model for the three-dimensional motion of the
two control points. The three-dimensional trajectory tracking
of the two control points can be achieved by using the joint
input as (9).
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