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Redundant Control of a Planar Snake Robot With Prismatic Joints
Motoyasu Tanaka* ■ , Hidemasa Sawabe, Mizuki Nakajima ■ , and Ryo Ariizumi ■

Abstract: This paper presents a control method of a planar snake robot with prismatic joints. The kinematic model
is derived considering velocity constraints caused by passive wheels. The proposed control method based on the
model allows the robot to track a target trajectory by appropriately changing its link length using prismatic joints.
The degrees of freedom of prismatic joints are represented as kinematic redundancy in the model and are used in
realizing subtasks such as singularity avoidance and obstacle avoidance. In addition, the link length is below its
limit when introducing a sigmoid function into the kinematic model. Simulations are carried out to demonstrate the
effectiveness of the proposed method and show a novel motion that avoids singular configurations through changes
in link lengths.
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Snakes move on rough terrain, across walls, and in trees
even though their bodies have a simple coded shape with-
out limbs. In addition, there are snakes that move through
water and glide from trees. Snakes use a variety of types of
locomotion to move in various environments. In particu-
lar, snakes use four types of locomotion to move across
the ground, namely serpentine, sidewinding, rectilinear,
and concertina types of locomotion [1]. Many robots have
mimicked the motion of snakes [2].

The typical locomotion of a snake robot is a serpentine
locomotion. A snake robot, which has a mechanism with
frictional anisotropy such as a passive wheel, locomotes
through undulation generated by active rotational joints.
Hirose observed biological snakes and formulated a ser-
pentine curve called the serpenoid curve [1]. This curve
has been applied for three-dimensional motions [3, 4],
such as the sinus-lifting motion. Other biomimetic ap-
proaches, such as using a central pattern generator [5, 6]
and decentralized control [7], have been proposed. The
main goal of these approaches is to have the robot per-
form the same motion as biological snakes. In contrast, us-
ing a model-based control approach to design a controller
based on mathematical models of the robot, we can gener-
ate snake robot behaviors that achieve control objectives.
In this approach, two models are often used: one that con-
siders the lateral slip (i.e., skid) of wheels and one that
assumes no lateral slip. In studies using a model that con-
siders the slipping of wheels, control methods for the path

tracking of the center of mass [8] and trajectory tracking of
the head [9] have been proposed. In studies using a model
that assumes no slipping of wheels, a control method for
the trajectory tracking of the robot’s head has been pro-
posed not only on a plane [10–12] but also on a step [13]
and for two non-parallel planes [14].

Rectilinear locomotion is adopted when a large snake
moves on a smooth surface, with each part of the belly of
the snake repeatedly stretching and contracting [15]. The
snake robot mimicking rectilinear locomotion has been re-
searched and developed [16–20]. In [16, 17], the contact
between the ground and the bottom surface of the robot
was changed using the flexion of the joints to realize recti-
linear motion. In [18–20], rectilinear motion was realized
by sequencing the extension and contraction of the pris-
matic joints. An obstacle-aided locomotion method using
prismatic joints and rotational joints has been proposed
[20]. This motion is similar to concertina motion [21],
where a snake locomotes by fixing its body parts to the
surrounding terrain. In the above studies, the stretching
and flexing of a robot’s links mimics the stretching and
flexing of the body of a living snake, and the robot loco-
motes through the stretching and flexing of the links.

Another example of an animal that moves by stretching
and contracting is the earthworm. Earthworms adopt peri-
staltic movements [22]. Earthworm-like robots adopting
peristaltic motion have been developed [23–25].

In the studies mentioned above, the rectilinear motion
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Fig. 1. Model of a snake robot with prismatic joints.

of a snake or peristaltic motion of an earthworm was re-
alized through sequence control. In contrast, the three-
dimensional motion of a snake robot adopting simultane-
ous stretching of the prismatic joints and bending of the
rotational joints has been proposed [26]. In this approach,
the stretching and bending are pre-scripted as a target con-
tinuous curve.

As described above, the motion of serpentine robots
adopting stretching and retraction has been realized by se-
quence control or preliminary design. The robot is thus
unable to adaptively change the link lengths according to
the situation.

The present paper proposes a modeling and control
method that adaptively changes the stretching and bending
of a planar snake robot with prismatic joints that change
the link length. The robot comprises links with passive
wheels connected in series by prismatic joints and rota-
tional joints. The robot is described as a redundant sys-
tem with kinematic redundancy relating to a change in
link length. The redundancy is used to adaptively change
the link length. Furthermore, a sigmoid function is intro-
duced in the model to keep the link length within hardware
limitations. The effectiveness of the proposed method is
demonstrated in simulations.

1. MODEL

Figure 1 shows a model of a snake robot with pris-
matic joints. The robot comprises rotational yaw joints,
prismatic joints, and passive wheels. A link of the robot
is elongated and shortened by the prismatic joint. Each
link has two prismatic joints to move the passive wheels
to an arbitrary position on the link. Let n be the num-
ber of rotational joints and ϕi be the joint angle of the
ith rotational joint. The head link does not have passive
wheels and has a constant length l. If the head link has
passive wheels, the position and orientation of the head
cannot be controlled simultaneously because of the non-
holonomic constraint caused by the wheels as [11]. Thus,
the head link is designed without wheels. Moreover, the
prismatic joint of the head link is omitted to simplify
the model. Let l f i and lbi respectively be the length from
the ith pair of wheels to the ith rotational joint and the

length from the ith pair of wheels to the i+1th rotational
joint. We define ϕ = [ϕ1, · · · ,ϕn]

⊤, l f = [l f 1, · · · , l f n]
⊤, and

lb = [lb1, · · · , lb(n−1)]
⊤. Let the position and orientation of

the head be w = [xh,yh,θh]
⊤ and the generalized coordi-

nate be q = [w⊤,ϕ⊤, l⊤f , l
⊤
b ]

⊤.
For the robot, we set three control objectives: trajectory

tracking of the robot’s head, preventing the link length ex-
ceeding its limit, and accomplishment of subtasks. The
snake robot without prismatic joints has a singular config-
uration in which the robot cannot track the target trajectory
as [27,28]. As will be described later, the snake robot with
prismatic joints also has a singular configuration. Thus, we
adopt the avoidance of singular configuration as one of the
subtasks.

Let (xi,yi) be the center position of the ith pair of wheels
and θi be the absolute angle of the links connected with the
ith pair of wheels. xi and yi are represented as

xi =
xh+l cosθh+l f 1 cosθ1, (if i = 1)

xh+l cosθh+
i

∑
j=1

l f j cosθ j+
i−1

∑
j=1

lb j cosθ j, (if i > 1)

(1)

yi =
yh+l sinθh+l f 1 sinθ1, (if i = 1)

yh+l sinθh+
i

∑
j=1

l f j sinθ j+
i−1

∑
j=1

lb j sinθ j. (if i > 1)

(2)

The velocity constraint of the ith pair of wheels is ex-
pressed as

ẋi sinθi − ẏi cosθi = 0. (3)

Considering (3) for all pairs of wheels and time derivative
of (1) and (2) yields

A(q)ẇ = B(q)u, (4)

u = [ϕ̇⊤
, l̇

⊤
f , l̇

⊤
b ]

⊤, (5)

where u is the control input, the ith row of (4) represents
the velocity constraint on the ith pair of wheels, and A ∈
Rn×3, B ∈ Rn×(3n−1). Let B[i: j] be the matrix comprising
the i, · · · , jth columns of B:

B[1:n] =


l f 1 0

l f 2
. . .

∗ l f n

 , (6)

B[n+1:2n−1] = B[2n+1:3n−1]

=


0 · · · 0

b2,1 0
...

. . .
bn,1 · · · bn,n

 , (7)
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Fig. 2. Standard sigmoid function.

B[2n] = 0, (8)

where bi, j =−sin∑i
k= j+1 ϕk.

ϕ , l f , and lb have hardware limitations depending on the
robot. To satisfy the hardware limitations of l f and lb, l f i

and lbi are represented using a standard sigmoid function
and intervening variables γ f i, γbi. The standard sigmoid
function (Fig. 2) is expressed as

f (x) =
1

1+ exp(−x)
. (9)

Using (9), l f i and lbi are expressed as

l f i = (lU − lL) f (γ f i)+ lL, (10)

lbi = (lU − lL) f (γbi)+ lL, (11)

where lU ̸= 0 and lL ̸= 0 are respectively the maximum and
minimum values of the link length, and lL ≤ l f i ≤ lU and
lL ≤ lbi ≤ lU . The function used in this method is not lim-
ited to standard sigmoid functions but can be any function
that increases uniformly with −∞ ≤ x ≤ ∞.

Through the differentiation of the expressions in (10)
and (11) with respect to time, we obtain[

l̇ f

l̇b

]
=

[
C1 0
0 C2

][
γ̇ f
γ̇b

]
(12)

=C
[

γ̇ f
γ̇b

]
, (13)

where γ f = [γ f 1, · · · ,γ f n]
⊤, γb = [γb1, · · · ,γbn−1]

⊤, and

C1 = (lU − lL)

·

 {1− f (γ f 1)} f (γ f 1) 0
. . .

0 {1− f (γ f n)} f (γ f n)

 ,

(14)

C2 = (lU − lL)

·

 {1− f (γb1)} f (γb1) 0
. . .

0 {1− f (γbn−1)} f (γbn−1)

 .

(15)

Substituting (13) into (4), we obtain

Aẇ = B̄ū, (16)

B̄ = B
[

I 0
0 C

]
, (17)

ū = [ϕ̇⊤
, γ̇⊤f , γ̇⊤b ]

⊤. (18)

We use (16) as the kinematic model with which to control
the robot. If the link lengths l f i and lbi reach a maximum or
minimum value, the corresponding element of C becomes
zero.

2. CONTROL INPUT

The link length does not exceed its limit because the
sigmoid function is used in the kinematic model (16).
Thus, we design a control input to accomplish both tra-
jectory tracking of the robot’s head and subtasks. Consid-
ering the kinematic model (16), we design the input ū as

ū = utraj +uker, (19)

utraj = B̄W†A{ẇd −K(w−wd)} , (20)

uker =−(I − B̄W†B̄)Kη η , (21)

where B̄W†
=W−1B̄⊤

(B̄W−1B̄⊤
)−1 is the weighted pseudo

inverse matrix [29], W is the positive diagonal matrix rep-
resenting weights, wd is the target value of w, K > 0 is the
gain related to a convergence of w, Kη > 0 is the positive
diagonal matrix representing a gain related to kinematic
redundancy, and η ∈R(3n−1)×1 is an arbitrary vector. Sub-
stituting (19) into (16), if B̄ is of full row rank, the closed
loop system is expressed as

A{ẇ− ẇd +K(w−wd)}= 0. (22)

If A is of full column rank, w converges to wd at t → ∞.
If B̄ is not of full row rank, the closed loop system is not
equal to (22) because B̄B̄W† ̸= I.

If A and B̄ are not of full rank, the convergence of w
is not guaranteed. Such a case is called a singular con-
figuration of the robot. At the singular configuration de-
pending on A, all axes of grounded wheels are parallel
(singular configuration I), or all extended lines of axes of
grounded wheels intersect at a point (singular configura-
tion II) [27, 28]. If l f i ̸= 0, B and B̄ are of full row rank
according to (6). Note that C does not affect the full rank-
ness of B̄. B̄ is always of full row rank because l f i > 0
through the introduction of a sigmoid function. There is
thus no singular configuration depending on B̄.

If the sigmoid function is introduced for the rotational
joint, the row full rankness of B̄ cannot be guaranteed, as
shown in Appendix A.

uker in (19) is the input related to kinematic redundancy,
and other control objectives (subtasks) can be achieved us-
ing uker without affecting the convergence of w. We let
V (q) be the cost function and design η as

η =

[
∂V
∂φ1

, · · · , ∂V
∂φ3n−1

]⊤
, (23)
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where φ = [ϕ⊤,γ⊤f ,γ⊤b ]⊤ ∈ R(3n−1)×1, and φi is the ith el-
ement of φ . The time derivative of V is expressed as

dV
dt

=
∂V
∂w

ẇ+
∂V
∂φ

ū

=
∂V
∂w

ẇ+η⊤utraj −η⊤(I − B̄W†B̄)Kη η . (24)

The third term on the right-hand side of (24) is non-
positive (negative semi-definite). This means that the use
of uker contributes to the reduction of V .

The controlled variables are solely the position and ori-
entation of the robot’s head, but the link length is limited
by the sigmoid function. Let the cost function for singu-
larity avoidance be Vs, the cost function for other subtasks
be Vo, and V be defined as

V = asVs +aoVo, (25)

Vs =
1

detA⊤A
, (26)

where as and ao are weight constants. Decreasing V con-
tributes to the avoidance of singular configurations and the
accomplishment of subtasks.

In this paper, we adopt obstacle avoidance as another
subtask. We design Vo of (25) as

Vo = g(dmin), (27)

where dmin is the minimum distance between the robot and
obstacle. The function g is defined as

g(di) =

{
0 (if d > do)
(di −do)

2 (if d ≤ do)
(28)

where do > 0 is the threshold. g is a function that increases
as di decreases, and di is smaller than do. Therefore, de-
creasing Vo increases the distance between the robot and
obstacle, allowing the robot to avoid a collision.

When the distance between a particular point (remark-
able point) on the link and an obstacle is used as a pa-
rameter of g [30], collisions between the obstacle and a
non-remarkable point on the link occur more frequently
as the link length increases. The minimum distance dmin

between the whole link and obstacle is thus used.

3. SIMULATION

Simulations are performed to verify the effectiveness
of the control method, the effectiveness of the link length
limitation, and the effects of changes in link length. Sim-
ulations are performed in two main environments. One
simulation uses a kinematic model (4) that assumes that
a wheel does not slip sideways. The other simulation uses
a physics simulator that allows the wheels to slide side-
ways, assuming application to a real robot.
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Fig. 3. Simulation results obtained using (19) without
avoiding a singularity (Case 1-1, as = 0).

3.1. Using a non-skid model
If the target path of the head is a straight line and the

target posture is constant, the snake robot without pris-
matic joints converges to a singular configuration under
the velocity constraints of the wheels [10, 11]. The robot
used in this paper avoids a singular configuration by con-
tinuing to extend a link, if the link length is not limited.
However, this behavior is not realistic when assuming a
real robot. When the link length is limited, it is confirmed
that the snake robot with prismatic joints converges to a
singular configuration when a similar target trajectory is
set by simulations, but the results are omitted. In previ-
ous studies of snake robots without prismatic joints, re-
dundancy was generated in the system by introducing a
link without wheels [11,12] or lifting some wheels so that
they were ungrounded [30, 31], and a singular configura-
tion was avoided by taking advantage of the redundancy.

In contrast, the present paper proposes a novel method
of avoiding a singular configuration adopting a change
in link length through the use of prismatic joints. We set
the target value of the head posture as a small sinusoidal



Redundant Control of a Planar Snake Robot With Prismatic Joints 5

0 50 100

time [s]

0

0.2

0.4

0.6

1

2

3

4

5

6

(a) l f

0 50 100

time [s]

0

0.2

0.4

0.6
1

2

3

4

5

(b) lb

0 50 100

time [s]

-2

-1

0

1

2
1

2

3

4

5

6

(c) ϕ

0 50 100
0

1

2

0 50 100
0

50

0 50 100

time [s]

0

1

2
10

-4

(d) Vs, detA⊤A, detB̄B̄⊤

Fig. 4. Simulation results obtained using (19) while avoid-
ing a singularity (Case 1-2, as = 20, Kη = I).

wave and expect the small vibration to be amplified by the
change in link length. Note that the snake robot without
prismatic joints moves with very small vibration of joint
angles when using a similar target because it cannot am-
plify the small vibration. It means that the robot moves in
a posture close to the singular configuration.

The kinematic model and controller are imple-
mented in MATLAB. We set n = 6, l = 0.1 m,
lL = 0.05 m, and lU = 0.6 m. The initial value of w
is w = [−0.05,−0.05,π]⊤, the initial value of ϕ is
ϕ = [0,π/16,π/16,−π/16,−π/16,0]⊤, and the initial
values of all elements of l f and lb are 0.2 m. The target
motion of the head position is a constant linear motion
while the target motion of the head orientation is a minute
sinusoidal wave whose amplitude is π/30.

The gain of the control input is K = I and ao = 0. We let
the diagonal element of W be W1, · · · ,W3n−1 and set Wi =
1.0 if 1 ≤ i ≤ n and Wi = 1.0×105 if n+1 ≤ i. The weight
thus reduces the change in the link length and increases
the change in the rotational joint angle. We use two types
of Kη ; I and KN . We let the diagonal element of KN be
kN1, · · · ,kN3n−1 and set kNi to

kNi =

{
0.001, (if n+1 ≤ i ≤ 2n)
1. (otherwise)

(29)

In KN , the elements corresponding to l f are smaller than
those corresponding to lb. This means that the change in
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Fig. 5. Simulation results obtained using (19) while avoid-
ing a singularity (Case 1-3, as = 20, Kη = KN).

l f when using redundancy is smaller than that in lb.
Simulations are performed for three cases to verify the

performance of singularity avoidance.

• Case 1-1: as = 0
• Case 1-2: as = 20 and Kη = I
• Case 1-3: as = 20 and Kη = KN

If as is small, the link length and joint angle slowly
change to avoid singular configuration because uker be-
comes small. It means that the effect of the singularity
avoidance is small and the robot cannot obtain enough ef-
fect. In contrast, as is large, the effect of the singularity
avoidance becomes large but the motion of the link length
and joint angle becomes fast. Then, the value of as = 20
was decided by trial and error.

Figure 3 shows the results for case 1-1. w converges to
the target. The link lengths l f and lb all remain at their
initial values. This is because W is set such that the link
length does not change easily and the redundant input uker

is zero. detA⊤A is a value related to a singular configura-
tion, becoming zero when the robot is in a singular con-
figuration. Figure 3 shows that ϕ is small and detA⊤A is
approximately 0.1.

Figure 4 shows the result for case 1-2, in which as = 20.
w converges to the target as well as it does in Fig.3(a). Fig-
ures 4(a) and 4(b) show that l f and lb vary adaptively and
that almost all links are finally of near-maximum length.
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Fig. 6. Simulation results with avoiding a singularity (n = 3,6,8,11).

Fig. 7. Initial situation in the simulation of avoiding obsta-
cles.

In addition, no link length exceeds its limit. The value of
detA⊤A increases temporarily to 50 but eventually drops
to approximately 2. This is a large value compared with
that in case 1-1, and it can be said that the robot is able to
move away from the singular configuration. The value of
ϕ oscillates at a smaller value at the end of the simulation
and it can be said that the result of ϕ is not much different
from the result of as = 0. Although w follows the target
value because of the use of a kinematic model where the
wheels do not skid, if we use a real robot or model where
the wheel can skid, it is expected that the resulting mo-
tion will not allow the robot to move forward because the
undulation is too small.

Figure 5 shows the result for case 1-3. l f is almost un-
changed from the initial state because the element of Kη
corresponding to l f is small. In contrast, lb changes ap-
propriately and the amplitude of the rotational joint angle
ϕ increases from head to tail. The value of detA⊤A drops
to 5.5 at one time but ultimately remains at approximately
28. The singularity avoidance is therefore better than that
in cases 1-1 and 1-2.

The above results confirm that the robot adaptively
changes its link length according to the cost function and
avoids a singular configuration by amplifying the small
vibration of the head orientation, and that the proposed
method maintains the link length below its limit.

The minimum value of n is three because of the size
of the matrix A. If n = 3, the robot inevitably becomes the
singular configuration II as Figure 6(a). Thus, n> 3 should
be satisfied to avoid the singular configuration. In contrast,
the larger n is, the more easily the robot will amplify the
vibration of the head as Fig. 6. It means that the robot is
easy to avoid the singular configuration.

We next assume an obstacle-avoidance situation, such
as that of Fig. 7, in which the robot passes between two
walls. The distance between the walls is 0.4 m. If the out-
line of the robot is complex, the calculation of the mini-
mum distance to an obstacle becomes more complicated.
Therefore, assuming that the robot’s link is a straight line
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Fig. 8. Simulation results obtained using (19) without
avoiding obstacles (Case 2-1, ao = 0,as = 1).

with no thickness, we calculate the minimum distance dmin

between the robot and obstacle. We set do = 0.2, while
the initial values K,Kη are the same as those in case 1-
3 of singularity avoidance. The target trajectory is a π/2
turning and straight forward motion after the robot passes
between the walls. We run simulations for two cases.

• Case 2-1: Obstacle avoidance is not performed (ao =
0 and as = 1)

• Case 2-2: Obstacle avoidance is performed (ao = 10
and as = 1)

Note that Vs and Vo are trade-off parameters depending
on as and ao because of (25).

Figure 8 shows the results for case 2-1. dmin becomes
zero and the robot collides with the obstacle as shown in
Fig. 8(e) because obstacle avoidance is not performed.

Figure 9 shows results for case 2-2. Figure 9(e) reveals
that dmin > 0.015m and the robot avoids colliding with the
obstacle. l f is almost unchanged from the initial state be-
cause Kη = KN but lb changes appropriately as shown in
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Fig. 9. Simulation results obtained using (19) while avoid-
ing obstacles (Case 2-2, ao = 10,as = 1).

Fig. 9. The robot makes lb so small that it avoids colli-
sions in the neighborhood of the obstacle and has almost
no lateral undulations. When the robot leaves the obstacle,
it proceeds via a large undulation by enlarging lb2 and lb3.

It is thus confirmed that the proposed method adaptively
changes the link length and allows the robot to avoid ob-
stacles. Note that obstacle avoidance may not be possible
when the link length reaches its limit or if there is a trade-
off with singularity avoidance.

3.2. Using a physics simulator
A physics simulator V-rep [32] is adopted to simulate

singularity avoidance using a physics model in which a
wheel can skid sideways. Vortex is used as the physics
engine.

For singularity avoidance, it is necessary to reduce the
element of Kη corresponding to l̇ f as described in Sec-
tion 3.1. This means that the change in l f is kept small.
We therefore use the model whose l f is constant in the
V-rep simulation. Figure 10 shows the robot, while the
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(a) Model and unit

(b) Snake robot
Fig. 10. Snake robot with prismatic joints in the V-rep

simulation.

mathematical model and control input in this case are pre-
sented in Appendix B. We set n = 6, l = 0.1m, lL = 0.1m,
lU = 0.3m, and l f i = 0.1m. The weights of the head unit,
tail unit, and other unit in Fig. 10(a) are respectively 86,
259, and 209 g, and the friction coefficient is 0.5. We use
the target trajectory of the robot’s head as in cases 1-1,
1-2, and 1-3, and we set K = I and K′

η = I.
Figure 11 shows the results when as = 0 (without avoid-

ing a singularity). The amplitude of the undulation is small
and the posture of the robot is close to a straight line (sin-
gular configuration) and the controlled variables do not
track the targets. If the robot moves forward when the
robot is close to a singular configuration, a wheel needs
to generate strong friction in the sideward direction. If the
model in which the wheel does not skid is used, the robot
can move forward when the robot is close to the singular
configuration. However, the wheel skids in the physical
simulator because there is an upper limit to the frictional
force that a wheel can generate, and the robot does not
move forward.

Figure 12 shows the result when as = 20 (when avoid-
ing a singularity). The robot moves forward without con-
verging to the singular configuration, and the controlled
variables track the target trajectory. We find that the vi-
bration of the head is amplified from the head to the tail
because ϕi oscillates at a larger value as i increases. This is
the behavior obtained when all lbi converge near the max-
imum value.

As described above, in the case of a real robot whose
wheels can skid, it is confirmed that the robot follows the
target trajectory near the singular configuration and the
proposed method allows the robot to follow the target tra-

0 10 20 30 40 50
0

1

2
response

target

0 10 20 30 40 50

-0.04

-0.02

0

response

target

0 10 20 30 40 50

time [s]

3.05

3.1

3.15

response

target

(a) w

0 20 40

time [s]

-2

-1

0

1

2
1

2

3

4

5

6

(b) ϕ

0 10 20 30 40 50
0

5

10
6

0 10 20 30 40 50
0

5

0 10 20 30 40 50

time [s]

0

1

2

10
-11

(c) Vs, detA⊤A, detB̄′B̄′⊤

Fig. 11. V-rep simulation results without singularity
avoidance (as = 0).

jectory while avoiding the singular configuration by am-
plifying the small vibration of the head.

3.3. Discussion
3.3.1 The reason why the amplitude of the undulation

does not amplify when Kη = I
Focusing on the link length, the amplitude of the tail

undulation increases when l f i < lbi but decreases when
l f i > lbi. If Kη = I, l f elongates and the amplitude of the
robot undulation is not amplified as seen for case 1-2 in
section IV-A. A decrease in l f means that the entire robot
moves forward. Figure 13 shows two examples of decreas-
ing l f 1. If |ϕ3| > π/2 as Fig. 13 (a), |ϕ3| approaches π/2
as l f 1 decreases, meaning that the robot moves away from
the singular configuration. In contrast, if |ϕ3| < π/2, the
magnitude of the rotational joint angle decreases because
of the velocity constraints of passive wheels as seen in
Fig. 13(b). This means that the robot posture approaches a
straight line (i.e., a singular configuration) if l f decreases
and |ϕi| < π/2. The situation of the simulations corre-
sponds to the situation of Fig. 13(b) because the initial
value of ϕ in simulations is smaller than π/2. The way to
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Fig. 12. V-rep simulation results with singularity avoid-
ance when as = 20.

move away from the singular configuration is to elongate
l f . Therefore, l f continues to elongate to its maximal value
to avoid singularity. However, this implies a decrease in
the amplitude of the undulation and, as l f can no longer
be enlarged, the robot approaches a singular configura-
tion. The proposed method only focuses on the gradient
of a cost function that depends only on the time instant.
To avoid the singular configuration with Kη = I, it is nec-
essary to adopt an approach that considers the finite time
future; for example, model predictive control.

3.3.2 Limitation of obstacle avoidance

The robot cannot move in a direction that causes a
wheel to skid sideways in the kinematic model because of
the velocity constraints caused by the passive wheels. In
the case that the link length changes, the moving direction
of the wheel and link is momentarily only the length di-
rection of the link. This means that the robot cannot move
wheels and links in the direction of velocity constraints
to avoid obstacles. It is thus difficult to effectively avoid
obstacles by changing link lengths. In fact, the robot does
not actively move away from obstacles in the simulations

(a) (b)

Fig. 13. Two examples of decreasing l f 1: (a) |ϕ3| > π/2
and (b) |ϕ3|< π/2.

2 2.5 3
0

0.5
Initial value

Fig. 14. Relationship between dmin and Lrobot in the case
2-2.

for cases 2-1 and 2-2 in section 4.1. Let Lrobot be the total
length of the robot. Figure 14 shows the relationship be-
tween dmin and Lrobot in the case 2-2. dmin increased by the
decrease of Lrobot after dmin became small. Thus, the robot
does move to pull the following links forward by short-
ening the link length so as not to undulate. We have con-
firmed that the motions when avoiding obstacles are sim-
ilar regardless of whether the wheel does or does not skid
sideways. In the case where the wheel can skid sideways,
the robot moves less than the theoretical value because of
slippage, and the robot undulates more to compensate for
the error. It means that the risk of the collision between the
robot and obstacles increases. Figure 15 shows an exam-
ple of the V-rep simulation results when using the robot
and simulator in the section 4.2 and using a similar tar-
get in the case 2-2. The robot came close to the obstacle
at t = 32.3[s] but got away from it by shortening the link
length as the snapshot of t = 34.5[s]. In contrast, the robot
approached to the obstacle again at t = 50.9[s], but finally
collided with it as the snapshot of t = 52.9[s] because the
robot could not generate the avoiding motion caused by
the change of the link length.

4. CONCLUSION

This paper proposed a method of controlling a pla-
nar snake robot with prismatic joints that change the link
length. A kinematic model was derived, a controller was
designed, and simulations were carried out to verify the
effectiveness of the proposed method. The robot tracked
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Fig. 15. V-rep simulation results with avoiding obstacles
using a target similar to the case 2-2.

a target trajectory by changing the link length using the
proposed method. The sigmoid function was used in the
model to guarantee that the link length did not exceed its
limit. By changing the link length through the use of re-
dundancy, we realized unique motions; for example, a mo-
tion for singularity avoidance in which the robot amplified
a small oscillation of the head from the head to tail and a
motion of obstacle avoidance.

Future works are to introduce the lifting of wheels and
to conduct verification experiments using a real robot. In
addition, if the robot effectively avoids a singular con-
figuration using the proposed method, the element corre-
sponding to l f in Kη must be set small. This means that
l f is almost unused in accomplishing subtasks. Thus, one
future work is to establish a method that allows the robot
to effectively accomplish subtasks using both l f and lb.
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APPENDIX A

INTRODUCING A SIGMOID FUNCTION FOR ϕ

If a sigmoid function is introduced for the joint angle
ϕ to satisfy the hardware limitation, the robot cannot gen-
erate a motion in which the velocity constraints are satis-
fied when the joint angle reaches a maximum or minimum
value.

Using an intervening variable γϕ i, ϕi is expressed as

ϕi = (ϕU −ϕL) f (γϕ i)+ϕL, (A.1)

where ϕU and ϕL are respectively the maximum and mini-
mum joint angles. By differentiating (A.1) with respect to
time, we obtain

ϕ̇ =Cϕ γ̇ϕ , (A.2)

where γϕ = [γϕ1, · · · ,γϕn]
⊤. Cϕ is a diagonal matrix and the

ith-row ith-column element of Cϕ is {1− f (γϕ i)} f (γϕ i).
Substituting (A.2) into (4), we obtain

Aẇ = B
[

Cϕ 0
0 I

]
uϕ = B̄ϕ uϕ , (A.3)

where uϕ = [γ̇⊤ϕ , l̇
⊤
f , l̇

⊤
b ]

⊤. For the kinematic model (A.3),
we design the control input as

uϕ = B̄W†
ϕ A{ẇd −K(w−wd)}. (A.4)

Note that the input related to kinematic redundancy is
omitted in (A.4). If A is of full column rank and B̄ϕ is of
full row rank, the controlled variable w converges to the
target wd .

If ϕi(1 ≤ i ≤ n) reaches a maximum or minimum value,
the ith-row ith-column element of Cϕ becomes zero and
Cϕ is not of full rank. All elements of the ith column of
B̄ϕ thus becomes zero. This means that the full column
rankness of B̄ϕ depends on the n+1, · · · ,3n−1th column
of B. According to (7) and (8), all elements of the first row
of B[n+1:3n−1] are zero. Thus, in the case that ϕ1 = ϕU ,ϕL,
B̄ϕ must be rank deficient because all elements of the first
row are zero. This means that there is no guarantee of the
convergence of w. In contrast, in the case that ϕi = ϕU ,ϕL

(i ≥ 2), B̄ϕ is of row full rank because of the existence of
B[n+1:2n],B[2n+1:3n−1] by generally ϕU ,ϕL ̸= 0. Therefore, B
is of row full rank if ϕL < ϕ1 < ϕU and ϕU ,ϕL ̸= 0. If the
joint angle reaches its limit, physically, the robot generates
motion in which “the joint angle cannot change because
the joint reaches its limit but the velocity constraints are
satisfied by changing the link length.”

In the case that sigmoid functions are introduced for
both the joint angle and link length, the kinematic model
is expressed as

Aẇ = B
[

Cϕ 0
0 C

]
uall = B̄alluall , (A.5)
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where uall = [γ̇⊤ϕ , γ̇⊤f , γ̇⊤b ]⊤.
If the joint or link length reaches its limit, Cϕ or C is

rank deficient. B̄all is sometimes not of full row rank owing
to this effect. Physically, B̄all is rank deficient when the
velocity constraint of wheels cannot be satisfied because
of the limitations of the joint angle and link length.

As mentioned above, the introduction of a sigmoid
function for a rotational joint angle compromises the full
rankness of the matrix related to the control input and may
result in cases that the convergence of w is not guaranteed.

APPENDIX B

MODEL AND INPUT WHEN LF IS FIXED

Let us define l f i = const.(i = 1, · · · ,n) and replace the
kinematic model with

Aẇ = B′u′, (B.1)

where u′ = [ϕ⊤, l⊤b ]
⊤ and B′ = [B[1:n] B[2n+1:3n−1]]. Using

a sigmoid function to represent a link length, we obtain

Aẇ = B̄′ū′ (B.2)

B̄′
= B′

[
I 0
0 C2

]
, (B.3)

where ū′ = [ϕ̇⊤
, γ̇⊤b ]⊤. The control input ū′ is designed as

ū′ = u′
traj +u′ker (B.4)

u′traj = B̄′W†A{ẇd −K(w−wd)} (B.5)

u′ker =−(I − B̄′W†B̄′
)K′

η η ′, (B.6)

where K′
η ∈ R(2n−1)×(2n−1) is a gain related to kinematic

redundancy. η ′ ∈ R(2n−1)×1 is designed as

η ′ =
∂V
∂φ ′ , (B.7)

where φ ′ = [ϕ⊤, γ⊤b ]⊤.
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