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Head Trajectory Tracking Control of a Snake Robot and its Robustness Under
Actuator Failure
Ryo Ariizumi, Member, IEEE, Ryota Takahashi, Motoyasu Tanaka, Member, IEEE, and Toru Asai, Member, IEEE

Abstract—This paper considers the problem of trajectory tracking of a
planar snake robot without a lateral constraint. The reference trajectory
of the head position and the orientation of link 1 are given, and torque
control is determined to reduce tracking errors. The performance of the
controller was tested in a number of simulations. The robustness during
actuator failure was also studied. We assumed that one of the actuators
was broken and the corresponding joint became passive. Furthermore,
as a more realistic situation, we considered an instance when some of the
states were not readily accessible from the sensor readings and needed to
be estimated by an observer. The extended Kalman filter was employed
for this purpose, and the performance of the closed-loop system with the
observer was also tested in simulations.
Index Terms—Snake robot, Trajectory tracking, Actuator malfunction

I. I NTRODUCTION
Snake robots can negotiate environments such as uneven terrain [1],
[2], [3], stairs [4], and the inside or outside of pipes [5], [6], [7] using
their large number of degrees of freedom (DOFs). Therefore, snake
robots are expected to be useful for a wide range of applications such
as disaster response and pipe inspection. However, controlling such
complex systems with so many DOFs, as well as propelling them by
interacting with environments in a complicated way, is difficult and
has received significant focus of recent research.
The locomotion of biological snakes was studied by Gray [8] in the
1940s, and he suggested that an anisotropy in friction might play an
important role. In his pioneering work [9], Hirose observed biological
snakes and suggested the use of a no side-slip (lateral) constraint on
the body to model the snake locomotion mathematically. Hirose also
proposed for the body shape of snake robots the serpenoid curve,
which has a curvature determined by a sinusoidal function. Snake-like
locomotion of such snake robots, with serpenoid curves and passive
wheels, were successfully realized.
After Hirose’s work, there has been a number of studies on the
control of snake robots that assume a lateral constraint. Prautsch et
al. [10] studied the control of the head position based on a dynamic
model incorporating the lateral constraint. However, they observed
that the robot often converged to a singular posture in which all joint
angles were equal. Once the singular posture is reached, the robot is
difficult to control. Although the movement of the snake robot was
successfully approximated in those studies [11], [12], [13], lateral
motion is actually very common in snake robots, even if they are
equipped with passive wheels.
Another branch of snake robot research does not rely on the lateral
constraint, but models the robot with explicit force from friction [14],
[15], [16]. In [17], [18], a novel model that converts the effect
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of a rotational joint into link displacement in the lateral direction
was proposed, and a straight path tracking control of the center of
mass (CM) of a snake robot was developed. These studies relied on
the serpenoid curve to make the robotic shape, and the controlled
point in these studies is usually the CM; the control of the head is
not considered. However, in some instances the control of the head
position and the orientation of link 1 are more important than the
control of the CM. For example, a snake robot is often equipped
with a camera on its head, and the operator must rely on its image
for operation. In [19], [20], a path-following control method based
on sliding-mode control that achieved asymptotic convergence of
the head orientation and path-following of the CM was proposed.
However, the path-following problem is slightly different from the
trajectory-tracking problem, that is considered for snake robots with
lateral constraints [12].
The large number of DOFs in snake robots suggests that it can
continue its task even if some of the actuators fail to move correctly.
However, there are only a few studies [21] on a robot’s movement
under actuator malfunction. If the lateral constraint can be assumed,
the control method proposed in [11], [12] would be applicable.
However, this control method would fail if there were lateral motion.
Therefore, it is necessary to take lateral motion into consideration to
develop a control method when actuator malfunction is present.
In this paper, we develop a head-trajectory tracking control method
for snake robots that can be used even if a joint becomes free
accidentally. The resistance force from the environment is modeled as
anisotropic viscous friction as in many studies [15], [14], [16], [22]
to take the lateral motion into account. We first construct the control
strategy without assuming actuator failure and then show how it can
be applied in instances of a malfunctioning joint, which is assumed
to be free. In other types of failure, we can cut the energy supply for
the actuator and make it free, as long as the structure of the robot
allows this.
In instances when lateral constraints are assumed, the trajectorytracking problem was addressed by the partial feedback linearization
(PFL) technique [12]. However, it is not easy to apply in our problem
settings. This is because attaining trajectory tracking of the head
does not imply boundedness of the joint variables. Motivated by the
difficulty of PFL, in this study, the control purpose is relaxed to make
it readily achievable. A controller is developed to solve the relaxed
version of the problem. Note that in [16], [23], [24], they successfully
used PFL for control of a snake robot without lateral constraints, with
the purpose of controlling its shape. This can be achieved because
the boundedness of joint variables implies the boundedness of the
head position. In [25], in which the control of the body shape and
head angle is considered, the boundedness of joint variables is proved
using finite gain L-stability analysis. In [23], maneuvering control
problems were considered, i.e., the speed was also modulated. Our
method gives also a simpler alternative to this.
In summary, the main contributions of the paper are the following:
(i) we propose a novel controller that can achieve head-trajectory
tracking in a weaker sense, and (ii) we show the robustness of the
controller in instances of a malfunctioning joint.
The paper is organized as follows. In Section II, the model of a
snake robot is briefly explained. Based on the equations of the motion,
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III. C ONTROLLER D ESIGN

Fig. 1. Schematic of a snake robot with n links and n − 1 joints

the state-space representation is also given. Our proposed controller is
explained in Section III. In Section IV, we introduce a malfunctioning
joint in the system and explain the required modification to our
controller. The controller is tested by a number of numerical examples
in Section V, and Section VII concludes the paper.

We next define the tracking problem and propose a novel controller.
A straightforward design of PFL by setting head position as the
output may fail in avoiding a singular posture, such as a straight
line, and the control input diverges. This is because the tracking of
the head does not imply the stability of the joint variables nor singular
posture avoidance. For the definition of the singular posture, see [26]
for details. Essentially, the singular posture is the posture at which
manipulability vanishes; here manipulability is the metric indicating
how easy it is to move the head in all direction. Clearly, a straight-line
shape is singular because moving the head forward is impossible. To
overcome the drawback in using the PFL-based controller, we loosen
the control requirement and propose a controller that achieves the
original requirement with some inevitable tracking errors.
A. Trajectory Tracking Problem

II. M ODEL OF A P LANAR S NAKE ROBOT
The dynamic model of a snake robot is given in [15] and in
this section, some fundamentals of the model of a snake robot are
reviewed. For the derivation of the equations of motion, we refer the
reader to [15], [23], for example.
A. Dynamic Model of Planar Snake Robot
The snake robot considered in this research consists of n rigid links
that are connected serially by n−1 active yaw joints (Fig. 1). All links
are assumed to have the same length and uniform mass distribution.
Some notation used in the analysis is defined as follows:
l
θi
φi
(xh , yh )
w
θ, φ
q
τ

:
:
:
:
:
:
:
:

Half of the length of each link
Orientation of link i
Yaw angle of joint i. φi = θi+1 − θi
Position of the head
w = [xh yh θ1 ]T
θ = [θ1 · · · θn ]T , φ = [φ1 · · · φn−1 ]T
General coordinate. q = [xh yh θ1 φT ]T
the torque input vector

For convenience, the equations of motion of a snake robot are
listed below:
H q̈ + W diag(Jqq̄ q̇)Jqq̄ q̇ + C q̇ = Eτ ,

(1)

where H is the positive-definite inertia matrix, Jqq̄ a transformation
matrix that satisfies Jqq̄ q = [xh xy θT ]T , W diag(Jqq̄ q̇)Jqq̄ q̇
describe the Coriolis and centrifugal force term, and C q̇ is the viscous
friction term.
B. State-Space Representation
The above equations of motion can now be written more concisely
in the form,
H(q)q̈ + h(q, q̇) = Eτ ,
(2)
where h(q, q̇) = W diag(Jqq̄ q̇)Jqq̄ q̇ + C q̇. Being positive-definite,
H is therefore always invertible [26].
By multiplying (2) by H −1 from the left, we have
q̈ = −H

−1

(q)h(q, q̇) + H

−1

(q)Eτ .

(3)

Let η be the state vector defined as η = [q T q̇]T , then the state
equations can be written as follows,
η̇ = f (η) + B(η)τ ,
where
f (η) =


q̇
, B(η)
−H −1 (q)h(q, q̇)



=

(4)


O(n+2)×(n−1)
.
H −1 (q)E

(5)

We consider the problem of tracking the trajectory of the robot
head and the orientation of the first link. More precisely, the problem
can be stated as follows:
Problem 1. Given the reference trajectory of wr (t) =
[xrh (t) yhr (t) θhr (t)]T , find the control input τ (t) that attains the
convergence of the tracking error e(t) = w(t) − wr (t)2 /2 → 0
as t → ∞, where w = [xh yh θh ]T and concurrently keep φ(t)
bounded for any t ≥ 0.
With no constraint on lateral motion, this problem has been
addressed by PFL techniques [12]. PFL was successful in such
instances because, under the lateral constraint, the internal motion of
φ is completely determined by w. However, in our problem settings,
there is no guarantee that φ is bounded even if w and its derivatives
are bounded. Therefore, we need to ensure all the states are bounded
by a controller. Unfortunately, a snake robot is an under-actuated
system and it is very difficult to assure the boundedness of all states
if some of the DOFs are used to render the exact head tracking.
Therefore, we have loosened the requirement for tracking and propose
a controller for the modified problem.
B. Problem Modification and the Proposed Controller
As mentioned above, a straightforward design of a PFL-based
controller for head tracking suffers from convergence to a singular
posture or instability. Although this implies that exact tracking is
difficult to achieve, asymptotic convergence is not required if we
only want the robot to follow the trajectory on average. In other
words, we want the robot to move more or less, but not exactly, on
the predefined trajectory. This is not true if, for example, the intended
usage is on a factory line. However, the arranged environment of a
factory would not be an ideal location for the use of snake robots as
other robots that are designed especially for this purpose can be used.
Unarranged environments would be ideal locations, and this is why
we suppose the looser version of the requirement would be sufficient.
The looser version of the control purpose is stated as follows:
Problem 2. Given the reference trajectory of wr (t) =
[xrh (t) yhr (t) θhr (t)]T , find the control input τ (t) that makes the
tracking error e(t) = w(t) − wr (t)2 /2 as small as possible for
any t ≥ 0 and at the same time keep φ bounded.
To achieve the objective, we consider a control method that tries
to make a cost function small as time grows. Let V (η) be a cost
function that appropriately encodes the purpose. The time derivative
of V is
∂V
∂V
{f (η) + B(η)τ }.
(6)
η̇ =
V̇ (η) =
∂η
∂η
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Therefore, if we define τ as
τ = −B† (η)
then we have
V̇ (η) = −

∂V
BB† (η)
∂η





∂V
∂η

∂V
∂η

T


B̃ = B1
− B† (η)f (η),

T
+

∂V
{I − BB† }f (η).
∂η

(7)

(8)

Because B is a column of full-rank, the pseudo-inverse B is expressed
as B† = (BT B)−1 BT , and therefore, BB† = B(BT B)−1 BT is
symmetric positive semidefinite. This suggests that the first term of
(8) has the effect of making V smaller. Although the effect of the
drift term f (η) cannot be completely canceled, the second term of
(7) tries to minimize it. As can be understood from (8), this controller
cannot ensure a monotonic decrease in V because of the effect of f .
However, if q̇ = [On+2 In+2 ]η is small enough, f becomes small
and the second term of (8) can be neglected.
The cost function V is defined as follows:
V (η) = (ẇr − ẇ) + Kw1 (wr − w)2Kw2 + (φ̇r − φ̇)2Kφ (9)
where x2G = xT Gx for any vector x and a positive semidefinite
matrix G. The reference wr is set through a user command, and φr
is defined to avoid a singularity.
Even though the purpose of the control is the trajectory tracking
of the head and the control of the joint variables is not important,
the term (φ̇r − φ̇)2Kφ will be required to have the robot continue
moving. In Theorem 3 of [16], it is suggested that the controller must
be time-variant to make our system stable. As a direct consequence,
we need at least one of the following to hold: (i) Kw2 = O and ẇr
is time variant, (ii) Kw1 = 0, Kw2 = O, and ẇr is time variant, or
(iii) Kφ = O and φ̇r is time variant.
Regarding the gains for w, i.e., Kw1 , Kw2 , and for φ, i.e., Kφ , it
is desirable to use larger gain for w and smaller gain for φ, as our
goal is to make w follow the reference trajectory. Also, empirically,
making the gain Kw1 smaller than Kw2 is best1 .
Note that in the literature a similar idea has been used for different
purposes. In [12], a similar approach was applied to avoid the singular
posture of a snake robot with lateral constraints by increasing the
manipulability.
IV. I NTRODUCTION OF A M ALFUNCTIONING ACTUATOR
Because of the large number of DOFs, snake robots are expected to
be robust to actuator faults. We shall explain the required modification
to our controller, which is relatively simple, in instances of a
malfunctioning actuator.
A. Problem description
Among many conceivable actuator malfunctions, we consider one
where the energy supply to the actuator is lost. Let joint i be the
corresponding joint, then this fault can be formalized as the constraint
of τi ≡ 0, i.e., joint i is passive. In many other faults, it is possible to
cut the energy supply on purpose to make the joint passive. Therefore,
this case is expected to be rather general and of practical importance.
With τi set to 0, the state equation (4) reads
η̇ = f (η) + B̃(η)τ̃ ,
where


τ̃ = τ1

···

τi−1

τi+1

3

···

τn−1

(10)
T

∈ Rn−2 ,

(11)

1 A PDF file with some more detailed discussion, along with additional numerical simulation results (figures and mat files) can be found at:
https://nuss.nagoya-u.ac.jp/index.php/s/LJpedA1NSALQdoX.

···

Bi−1

Bi+1

···

Bn−1



∈ R(2n+4)×(n−2) ,

(12)

and Bj is the j-th column of the matrix B. In addition, we assume
that joint angle information is also lost because of the malfunction.
In this study, the detection and classification of actuator malfunctions are not discussed. Although they are very interesting and
important problems, they are beyond the scope of our present paper.
Note that some actuators are capable of sending data that tell their
status including errors and this may be used to detect malfunctions.
B. Modifications of the Controller
From (10), the controller is given by:
T

∂V
− B̃† (η)f (η).
τ̃ = −B̃† (η)
∂η

(13)

The only difference with (7) is the use of B̃ instead of B. This
controller requires the angle and angular velocity of the malfunctioning joint. The actuator malfunction may result in the loss of the
corresponding angle data if the sensors and the actuator are packaged
together, as they are in many servo motors. For such instances, we
need to use an observer to estimate the angle.
As is imaginable, the loss of a joint affects the system negatively
and significantly. This effect was demonstrated in [26] as a significant
decrease in dynamic manipulability. This decrease may cause a loss
in robustness to external perturbations and modeling errors. However,
a detailed examination of this effect is outside the scope of the present
paper.
V. N UMERICAL VALIDATION
Our controller was tested by a number of simulations. The parameters of the snake robot are shown in Table I. For the reference
angular velocity of the joint, we used the following:


2πT
2πT
αv cos vt −
i , i = 1, · · · , n − 1,
(14)
φ̇i =
n
n
where v is the angular frequency of bending and the spatial frequency
T indicates how many periods are formed within the robot. This is
the joint angular velocity for the serpenoid curve [9]. The weights in
the cost function (9) were defined as follows:
Kw1 = diag(2, 2, 3), Kw2 = diag(400, 400, 45),
Kφ = diag(10, 20, ..., 20).

(15)

As it is not necessary for φ̇ to follow the reference exactly, the gain
Kφ was set to be smaller than the gains for the head trajectory. The
serpenoid parameters used to avoid singularity are α = π/6, v = 2,
and T = 1.5. Note that these weights were used for all the following
simulations, regardless of reference or the presence or absence of the
free joint.
The following two trajectories were used:
1) Connection of two straight lines with a right turn:

[−0.1t, 0, 0]T , (t < 50 s)
r
(16)
w =
[−5, 0.1(t − 50), − π/2]T (t ≥ 50 s)
2) Sine curve:
wr = [−vx t, 0.6 sin(2vx t), arctan(−0.6 cos(2vx t))]T
(17)
If not specified explicitly, vx = 0.05 is used. Because we simulated
situations where the trajectory is specified by velocity commands
from the operator, we assumed that the initial position of the head is
exactly on the trajectory, unless otherwise stated explicitly. However,
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TABLE I
PARAMETERS OF THE ROBOT
m
J
2l
n

0.182 kg
0.22 kgm2
0.12 m
10

cx
cy
cθ

0.1 Ns/m
10 Ns/m
0.0014 Nms

TABLE II
F RICTION PARAMETERS FOR SIMULATION MODEL IN C ASE 3
8.0 Ns/m
0.1 Ns/m
0.15
0.0

A. Case 1
1) Right turn: Results are shown in Fig. 2. The maximum observed tracking error in the simulation was 0.270 m (22.5 % of total
robot length) for xh , 0.190 m (15.8 % of total robot length) for

Fig. 2. Result of the simulation without discrepancy or a free joint in the
model (Case 1). The right turn reference is used.

2

1.5

1

0.5

0
0

50

100

Time [s]

(a) Joint 1

150

200

Difference from serpenoid [rad]

for the head angle θh , we did not let its initial value coincide with
the reference. Instead, θh (0) = α is used.
For each reference, we performed three types of simulations with
different assumptions for the friction and free joint:
1) Case 1: There is no discrepancy in the friction model between
the simulation model and the controller model. There is no free
joint.
2) Case 2: The friction setting is the same as Case 1. Joint 5 is
free (malfunctioning).
3) Case 3: In the simulation model, we add Coulomb friction in
the lateral direction along with viscous friction. Joint 5 is free
(malfunctioning).
In all cases, we assumed that only the position-level state values,
i.e., q, were available directly from observation and velocity-level
state values, i.e., q̇, were not. Therefore, the state is estimated by
the extended Kalman filter (EKF). For details on EKF, the reader is
referred to standard textbooks such as [27]. Furthermore, to make
the problem more realistic, measurements of available states were
assumed to collapse with independent Gaussian noise. The standard
deviations of noise were for torque inputs 1.0 × 10−3 Nm and for
observations 1.0 × 10−2 m or rad according to the corresponding
element.
In Cases 2 and 3, we assumed that the angular data of the
malfunctioning actuator were lost. Therefore, in these instances,
the state estimation using EKF is performed without using angle
information of the malfunctioning joint. Although the observability
of the system has not been formally proven, we confirmed that the
linearized systems around the moving points were observable in our
simulations, including the case where there is a joint the angle of
which cannot be observed directly.
In Case 3, a slightly different model from the controller design
was assumed for simulations. Specifically, the viscosity in the lateral
direction was slightly smaller than the controller model (8.0 Ns/m
instead of 10.0 Ns/m) and Coulomb friction was added, with a friction
coefficient of 0.15. The friction settings are listed in Table II. For
details of the Coulomb friction model that we used, see [14]. For
a derivation of the equation of motion by the Lagrange method,
see [23], for example.
In the remainder of this section, solid lines in figures refer to
observed data and dashed lines refer to the reference. In all cases,
we show the t − xh plot, t − yh plot, t − θ plot, head path, t − V
plot, and t − τ  plot.

Difference from serpenoid [rad]

Viscous coeff. in lateral direction
Viscous coeff. in longitudinal direction
Coulomb coeff. in lateral direction
Coulomb coeff. in longitudinal direction

0.7
0.6
0.5
0.4
0.3
0.2
0.1
0
0

50

100

150

200

Time [s]

(b) Joint 5

Fig. 3. Differences between the angle of joints and the serpenoid references
for the joint 1 and 5.

yh , and 1.63 rad in θh . Note that the maximum tracking error of
θh occurred at t = 50, where the reference changes discretely and
a large tracking error is inevitable. The mean of the tracking error
of θh was 0.0602 rad. Although our controller does not guarantee
the cost function V decreases with time, nevertheless it does so on
average. From the plot of τ , it was confirmed that the singular
posture avoidance mechanism works well and there was no occasion
where the norm of the torque exceeded 3.
In Fig. 3, the differences between the angles and the serpenoid
references for the joints 1 and 5 are shown. As expected from our
settings on the weight of the cost function V , the tracking of the joint
angle to that of the serpenoid is not realized because the controller
can render the head to track the reference.
2) Sine Curve: Results are shown in Fig. 4. A similar performance
as for the right turn simulation was confirmed. The maximum
observed tracking error in the simulation was 0.314 m for xh , 0.234 m
for yh , and 1.06 rad in θh . Note that the maximum tracking error for
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Fig. 4. Result of the simulation without discrepancy or a free joint in the
model (Case 1). The sine curve reference is used.

θh is observed at t = 0 s and the error gets much smaller within a
couple of seconds. The maximum error of θh in t ≥ 10 s is 0.163 rad
and the mean error of θh was 0.0615 rad.
B. Case 2
1) Right turn: The results are shown in Fig. 5. Although, in this
case, one of the joints cannot produce torque, the controller works
reasonably well. The maximum tracking error was 0.414 m for xh
and 0.395 m for yh , which are 34.5 % and 32.9 % of the total length
of the snake robot, respectively. The maximum error in θh was almost
the same as the previous case with a value of 1.56 rad at t = 50 s.
The mean tracking error in θh was 0.0788 rad.
2) Sine Curve: The results are shown in Fig. 6. The maximum
errors were 0.398 m for xh , 0.338 m for yh , and 1.06 rad for θh .
Also, in this case, the large tracking error in θh is because of the
initial error. The maximum error of θh in t ≥ 10 s is 0.269 rad and
the mean error of θh is 0.0810 rad. Although the errors and V seem
bounded, no decreasing trend in V is seen unlike Case 1. This results
from the difficulties caused by a free joint.
C. Case 3
1) Right turn: The results are shown in Fig 7. Despite modeling
error, the tracking control worked reasonably well, which shows that
the proposed controller was robust. The maximum tracking errors are
0.291 m for xh and 0.401 m for yh , which are 24.3 % and 33.4 %
of the total length of the robot. For θh , the maximum tracking error
was 1.57 rad at t = 50 s as in the previous cases, and the mean was
0.0762 rad.
The cost function V had several large peaks, which shows that it
is difficult to make the residual term (∂V /∂η)(I − BB† )f (η) in (8)
small enough given the modeling error considered. However, there
was a decreasing trend in V .

5

Fig. 5. Result of the simulation without discrepancy in the model. Joint 5
was free and the right turn reference was used (Case 2).

2) Sine Curve: The results are shown in Fig 8. Large errors are
seen to occur for xh and yh compared with other cases. However,
as this is a very difficult case for the controller and the EKF, this
performance is acceptable. The maximum tracking errors were 1.04 m
for xh , 0.553 m for yh , and 1.06 rad for θh . Although it seems that
the error of θh becomes large at around t = 120, the maximum is
taken at t = 0 s as in the previous cases. The maximum error of θh
in t ≥ 10 s is 0.389 rad and the mean error is 0.134 rad.

D. Case 1 with Initial Tracking Error
Here, we assume that both of the head position and the head
orientation at the initial time are not on the reference trajectory, but
there is the initial tracking error of


w(0) − wr (0) = 2l 12l π/3 + α − θhr (0)


= 0.12 0.72 π/3 + α − θhr (0) .

(18)

1) Right Turn: The results are shown in Fig 9. The tracking
performance is not affected significantly compared with the case
without initial tracking error. The maximum tracking errors were
0.258 m for xh and 0.720 for yh . Note that the maximum error
of yh is observed at t = 0 s and the mean error was 0.0658 m. The
maximum error of θh was 1.63 rad at t = 50 s, at which the large
error is inevitable. The mean tracking error of θh was 0.0724 rad.
2) Sine Curve: The results are shown in Fig 10. The tracking
control is seen to work well, as for the right turn reference case. The
maximum tracking errors were 0.181 m for xh , 0.720 m for yh , and
2.11 rad for θh . As in previous cases with a sine curve reference, the
maximum errors of yh and θh were observed at t = 0 and the mean
errors are 0.0739 m and 0.0732 rad.
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Fig. 6. Result of the simulation without discrepancy in the model. Joint 5
was free and the sine curve reference was used (Case 2).

Fig. 7. Result of the simulation with discrepancy in the model. Joint 5 was
free and the right turn reference was used (Case 3).

E. Case 1 with Various Sine References

in the previous section. The friction coefficient for a link rotation cθ
was set 4.00 × 10−3 Nms. In the estimate of the time derivative of
the general coordinate q̇, we used a pseudo-differential, the transfer
function being 2πfc s/(2πfc s + 1), where the cut-off frequency fc
was set to 10 Hz. Although the estimated velocity by the pseudodifferential will not be as accurate as that by EKF with the accurate
model, it works more robustly to modeling errors. The time step was
set to be 10 ms. Because the simulator does not accept the torque as
input directly, we calculated the angular velocity of each joint that
is assumed to be realized by the controller model using the state
equation (4) and fed it as the reference joint angular velocity. The
maximum feasible torque is set to 6.0 Nm. The maximum feasible
torque for joint i at time t is set to |τi (t)|. The center of mass of
each link does not coincide with the geometric center in the Vortex
model. However, in the controller model, we assumed that it does.
The reference trajectory is defined as follows:
T
wr = vx t −L sin(bt) atan − bL
cos(bt)
,
(21)
vx

In this subsection, the tracking performance for the sine curve
reference with various vx ∈ [0.01, 0.15] is investigated. Apart from
vx , all other settings were set the same. The performance is assessed
by the following two metrics:

  r 
1 tf xh (t)
x (t)
dt,
(19)
− hr
ep =
yh (t)
yh (t)
L 0
eo =

1
L

tf

0

|θh (t) − θhr (t)|dt,

(20)

where L = |xh (tf )|. We divided by L because the integral is
expected to increase as the final position gets further from the start.
In general, larger ep or eo implies worse tracking performance.
The results are shown in Fig. 11. Note that, from the result of
eo (Fig. 11(b)), we exclude the result for vx = 0.145 because it
is reasonable to regard it as an outlier with eo = 7.03 × 103 .
From this figure, the tracking performance tends to become worse
as vx increases. One of the possible factors of the phenomena is the
settings of the serpenoid curve: α, v, and T . As we do not change the
serpenoid parameters that are used as the reference for joint angles,
the motion of the robot may not be able to be much faster than the
serpenoid motion.
VI. S IMULATION U SING P HYSICAL E NGINE
To make our discussion more reliable, we performed additional
simulations using Vortex, running on V-REP. The model is shown in
Fig 12. The robot was composed of n = 8 links with equal length of
2l = 0.176 m, equal mass of 0.417 kg, and equal moment of inertia
of 1.20 × 10−3 kgm2 . The anisotropy in friction was achieved by
equipping a pair of passive wheels on each link.
Friction coefficients for translational motion (cn , ct ) and gains that
are used in the simulation were set the same as in the simulations

where vx = 0.15, L = 2nl, and b = vx /3.
The results are shown in Fig. 13. The control is seen to work
reasonably well also in the physical simulation, despite a large
modeling error. Figure 12 shows the torque calculated by (7) and
the actual torque applied to joints 4 and 7 for the first 60 s. There
is a large difference especially in joint 4, which indicates a large
modeling error.
VII. C ONCLUSION
We proposed a head-trajectory tracking control method for a snake
robot. A looser version of the trajectory-tracking problem, which
is still of practical use, was first stated. Then, a controller that is
based on the minimization of a cost function is constructed. Although
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Fig. 8. Result of the simulation with discrepancy in the model. Joint 5 was
free and the sin curve reference was used (Case 3).

the stability of the control method was not theoretically proven,
simulation results showed that the tracking error was bounded.
Moreover, the same control with the same weight settings was shown
to be applicable when there was a free joint. By using the EKF, the
control method can be adopted even if the angle and angular velocity
of the free joint is not available. One of the merits of our method is
that the performance was relatively insensitive to weight parameters,
and the same parameter settings can be used in a variety of cases (e.g.,
with or without a free joint, with or without complete knowledge of
the state, and for a variety of reference trajectories). This suggests
the possibility that our proposed control method is valid in instances
of a broken joint. We believe this is an important step toward making
a control method that is robust to actuator failures.
Although the simulations showed that the tracking errors were
bounded with our control method, it was not formally proven, and
therefore proving the stability under certain conditions is to be the
focus of future work. We are also interested in testing our method
with a real snake robot.
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