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MBINESIE, THTREIZIENTETHD, TOERZIHE
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ZROTNZERNIT 2 —FEE LT, FFEMETIEATF D Nonnegative
Matrix Factorization (X #& NMF & &Lk 97 %) |H3H B [1]. T D FEE, NMF
B9 FRICERULEBOEMO—BEULTHREINTELFETHD,
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EHEZDORBEOAEEINSHRINTWVWEIFETHD. IGAD—HFl&EL
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MEZBDIIENTEDZFETHD. £, NMFOUV SR VT IF,
REEMEHBEFBLELEDTH DD, KRELT—FOLEHTS
CENTETHD. AR TIE, NMFOMEZFBL, SADHEEARD
BARADICH DEEF EDORFHZ D AN fc Robust-Li-ONP-MF Z 25 U,
ZORBERIDOBRITTHS. RHNOKER, VWD EERZRI I &
NTENE, /JAXVPANEINEEFNZIARELRT—ILEFTICEALT
b, WERICULEBIZCEDNTAREERD EEZISENS.
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NMF (& B R ## & 50 U 7= Orthogonal NMF (ONMF) M8 % . B X il 9
ZMAMTZIEThmeans ERMZFED T AT )V I HBEBERF DOLSICRK
5. ZhniF, FEEHNZELZUBAISHANICERGNZ®mIEIT LS
ICEHMZIT>2HDTH S,

ONMF I3 EBEZRBCIBHICLK > TEARICINKRIZEENH S
&, NRENVHEBOREEZRITZ2EVWSHEHERLNH S, Thoz
fRR9d 5F K& U T, Orthogonal Nonnegative Penalized Matrix Factorization
(ONP-MF) 13 %. ONP-MF [ ONMF ® BHBE#ZILEKR ST 7 ¥ Y 1k
LOTERSINLHBDOTHD, EXFNE/BLLLULABNSHIENICIEEE
ZwmlcIbDTHD. Xic, MBHEZIBER TIE% <, Singular Value
Decomposition (SVD) IC K 2 T—BICHEIT D2HDTH 5.

ONP-MFDEER & U T, DAxhﬁ#ibm D2FED, JAXPAN
ETF—YDONERENBEV L, BAZNRBERORME WS HERD
H3d. INSOBMBERIFIZFIAIVVIZTI2RICEEDETZHS
TRERERS.

ZIT, MEICERNTCEERRDIcS, KK TIEONP-MF DIEEKZ
75, ILEROWNABE LT, ONP-MFICANR MMEERREEZ &, T—
SORMENBEBEZRFZITO.

1.4 #8HK

ARBOBHRZEZUTICRT.

2E T, BEMRICOVWTHEBNT . 35T, BEMRROFH ZE
DANTEREREFEREILCDODWTHET S, 45T, BREFZEICODVWTODIRE
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2.1 BIEDEHA

FUHICEHEMRZHBEI S LTO, KEVPEBEAFICHEEILLDODVWTHR
N5,

2.1.1 HDERE

KBTI, TINZADLSICKFORXFRLZITD. £, XJT b
LWORLEIFaDELSICKFONMNXFRLZT S, ORBRFTIIY—ILE, =
[& elementwise divisionZ & 9. A>0IXTIIIFEEETHZ EEEZRLT
W3, subject to IEHIFIFHE, AcRMIETIANmITEIITHZ &%
TLTWS,

21.2 7O0XZTJXR/ILLA

TIDODRESZERIED—DTHS. A=lay,...,aj,...,a,)%E, 70O
NRZDRA/NWLBEB KR DEISICEREINS.

1AllF = | a; (2.1)
i

£f, JORZUR/LAIRE, 22 0&5C, hL—ZFHELT
XHTZTENTES.

|A||% = tr(AAT) = tr(AT A) (2.2)

2.1.3 Ly, /L Ls

L271/)I/Atatb“7‘/\“7 NLocEICL, /I ALZEEL, Z0HMN%Z & >
fbDTHD. 7ORZDRA /AL EEN, ZFBEXZTHLLBW/ I A
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[All2x =) llail (2.3)
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2.1.5 KREDE (SVD)

¥5 &£ B 2 B [Singular Value Decomposition (SVD) J[4] [& A € R™" D £ & D
TR LT, R, R DERTHNEmxnDXYATIABTRES
ns. (24 TREEINS.

A=UxSxV (2.4)

SOFEMARDIE0THD, WARDIZ, BIBEEZ>TWS,

2.1.6 4fcE

AEEVIFENERZEYRNPEINS BNBEBHRZLDNELLTSZH
FANEORUZEITZIE TCHERENICBANREBRANITZEDOCEWVWSE
ZAAKELDFED—DOTHD. BEWEABKRIIHK(25) TR b.
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o FEEE, v #HME, REIL ol BHIORXT v 7iE

A\

=1 —ayV[f(z) (2.5)

=

o ATy TR f(3) < flz) £ R B &S ITEIR

e ' MNIRDBEFHZHLIT T TROIR EEZE K& B

2.1.7 BERERXR

BERERI I, EHRELCEEICBEVNT, BMERZKRKO ZHDFE
D—DOTH2. BEDEUUENASBETIZAEIEITESH LR+ ad
PRINEBDES5BaEXRDDIFETH 5.

2.1.8 RFITF a3k

&f»%«%MM,ﬁm%#%wotﬁmam%wm:&fw?4%
Mi%ztﬁioT,%ﬁ%#%EW@ﬂ BDAH, &G LHEE
ULTEBSFETHD. fI0FGZE - BRICE, TOEAWKIHEU T
RFINVTAZBISLOBEEZESEZ 5.

219 EZIV VI aE

LR Z7 2 IaEN10EHKED ORBICEEDBFRER % HIE
RICKDIEAEFZILTVRXLD—DTHD. S5V IV 1REEHELE
RFNTaFZRHIPEDELEHEDTHZ. I (26) TREIN D,

e NTIUTVUIVIEHK
e pTRRFIT 4 INT X —%

e p>0

£ A) = f0)+ 3 Moyt )+ 2 > loite (2.6)
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ERMSNEBRFAEHRECE, REOERICHIBEAEHNENE
EL, RICUZBBEEIHE ECHr2MBEUNEEDY & VS,
IMENRERESOES, UNMELRERERS, THELCHT S
BIME (2) EMNEBILETEBAME () BELLARS. £, RHHE
DZEDELWNHEERIEEEZELVWEWSHBEEROER,

3= 2.1: EEAE & WX B E

’EW@& ‘ ﬂﬁ%#‘
* &

r=clzZm&R/INME | Az =b,2>0
W XS [ 72

w=bly Z &R K1t ATy <e

2.1.11 1R f#
AR ETEREOEEAFTIMIBERTHNUEHEIEEBETIPICH
BIBZFETHD. TNEFNOTHNICOWTUTICRT.
M = UP (2.7)
e EIE AT
EHERDICE DIEHFITH
o ¥ 1F EMETTT
nXxnDENRITIMDIUTOREZ—D%& I T3
I 2 TOnRITERYZ MNlbzlcUTTZXRER Mz HIEE
i MOEBEBHEIEIESTIHEE
i PDEEATHINXNEEL, M=XIXEtXRFTENTED

v MOENTIAINETIEE

10



2.2 3EBETTH D E (Nonnegative Matrix Factor-

ization:NMF)

NMF2] I3 EBESINSBRINDIAATIXeRY™%Z, JVT7LED2
DDFEDTIHUER™F VeRICHEIZIBMETHD. ULFHERT
A, VIIFHRETHNEFIEND., N\MF227 2 X5 YVTICAWSHBE K
BITHNVZRWTITS., ENE#EZR 28) ICRT.

° XéRmxn,UERka,VEkan

min X -UV|% (2.8)

UER™Xk veRkXn

subject to U >0,V >0

NMFFFHFEEBEWVWSHHWUACHWZEZ LD, #MsEd T, %
NICIGURBEBAZRLEZ2IENTEEZ2FETHS[12. 1.3 THENIH

BERDED, BSMLDOEEMRROFHICEBLL2ETIEFINIEIDWN
TN B,

2.2.1 FTEEWEFL

BEOWRFEEE LT, NIPS20LICcEWT, FEEFKWEFT LB S FTFEX
B9 58 #7 Bl (Multiplicative Update) IC &K DRI I 27 I T U X LhH Lee 51T &
DREEINTWS, NMFOURUTVOEENEFAZX (29), (2.10) I
~Y.

o X ¢ Rmxn’ U e Rka,V c kan

e — [ elementwise division

U+ U @ UVV (2.9)
U'x
Ve VO gy (2.10)

™ (29), I0)Z&XHZHIELITETHRODERILREBESIE®EZ LT, RE
BREICNRSES.
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NMFERTHENZFB LI Z AT IV ITFETHD, RETIVEZ
W23, #ETAVOiZEEODARIMILATOT—9XDiEE D
RINLEBHYUEEHERER>TWS, ThE, BREDORLDE MY
SAZERBRBIEYIERBRLTWS, DFD, BEFTHNVOELINBED
EXOMEN, rFEEBOMNEY I EOEEEDOXREIZRLTWVWS, &o
T, BBOMNEYIDIVSRIEBEFTEH2I)DESICEERESND[13].
CDESIC, NMFIZRTHEWERB WL SRV T TH2iD, KR
BERT—YDIV ATV VI HARBFETHS. A X—IEK?21, 22
N

arg max vi, (2.11)
| |
V
X = U
mxn mXxK KXxn

X-57F—x mRTk ntrIAK
UHsoEmZ 7T VERORME~OEEESW
VOIiF| B 1IXDiF B & K DR ITIIRITTHER LT

X 21: NMF2V 2 A& Uy
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K1/0.6 0.2 04

K2 0.2 0.1

K310.2 0.3 0.5
iZIH D7 T A X FKFITK2

2.2: B8 1HE E 4

2.3 NMF ODILEA

NMF L BRI EAME NIThbhTWsd, A5 JYVOMEK23ICKRT .
REGFEIBANMFIEUTO4DOATIVICRIFZ I ENTE S]]

Basic NMF (BNMF) :3F & & #ll #9 O & D NMF

Constrained NMF (CNMF) :IEBJ{E D fc H I W < DO D HI I D & 5 NMF

Structured NMF (SNMF) BB OKR F 0Bz ZFE U fc NMF

Generalized NMF (GNMF) [ AENICRKRDO T — Y BPOPRAFET L ZHT
5% > T L 3 NMF

BlIC4D0HATTVDNESEWS DD Y T IVSRICHNDEINS.
CNMFIEATDADDODH T IV T RICHEEIND.

e Sparse NMF (SPNMF) : X /X — X &l # % 58 L 7= NMF
e Orthogonal NMF (ONMF) B X il #9 Z &8 U 7o NMF
e Discriminant NMF (DNMF) 238 & ¥Rl D e & D E W Z & A £ NMF

e NMF on manifold (MNMF) :BFAHIC R RO AL GEFEEZR > TV
% NMF
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SNMFIZUTD3D2DOHY TV S RICnEEINS.

o Weighed NMF (WNMF) : BB D OHENNEEEDEWIC L > TEH
7 9 % NMF

e Conventional NMF (CVNMF) K E-BREEHR TCORFOBEZERT
% NMF

e Nonnegative Matrix Tri-Factorization (NNTF) :7 — % {75 % 3 D ICH F &
23 % NMF

GNMFIEUTD4D2OH TV S RICREIND.
e Semi- NMFAFE DK FIT5 ICH# Z & L 7= NMF

e Nonnegative Tensor Factorization (NTF) AT XD T —F¥ ZmRIT D
TrYIIC—I1T B FE

e Nonnegative Matrix-Set Factorization (NMSF) :7 —% v b Z {75 H 5
T3 DLy NIRRT 5 NMF

e NMF on manifold (KNMF) :3E#& € 7 JL O NMF

CCTEWTREFEDSSES, K TRO EIFcBEESRBE RO, WL
DHDFEERICDWTERET .
K23 E[1]|ZEEICH WK TH 3.
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NMF

Constrained Basic Structured Generalized
NMF NMF NMF NMF
Sparse || Orthogonal || Discriminant || NMF on Weighed | [ Convolutiv Semi- Kernel
NMF | NMF NMF || manifold NMF eNMF || NMTF nmr || NTF || NMSF

K23: NMFEFTILETZILTYXLDAT Y]

2.3.1 Orthogonal Nonnegative Matrix Factorization(ONMF)

ONMF[14] EFNMF OV ICEfTHIN ZNE LD DTHS. NMFL D &
NUBBERBRENESNTWEFETHS. N\MFERKIC, FEaEZHL
LS EENBFRANICELI>TREENS., BNBEHZHX (212) ICRT.
a2 THh 5.

e X c Rmxn7 Ue Rka,V c ]kan

min X -UV|% (2.12)

UERka,VERkX"

subject to U >0,V >0,VVT =1,

BEITHIVICERENEZEZ 22T, RAMNICKRIIC—DLITHEEE
EREAITDAN—ABTHERD., AN—AENSTSICEFTS D,
BREENENL, MAMNMIELTFDL, TIHLTBO—EMEZMR L
IED. T, BIRHHRELT, BETIUOEORHHBOBHRIE X
%[15. COKSHENFE, HETINPERETINOBZEZHCKE LR
9. #INERATCHEHAICEZRWZ ET, ARIIGUIEEF®R B Y T X
SYVITNAEERD. 22T, VAUV THWRVICDHHH
5 ZTW3,
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2.3.2 Robust Nonnegative Matrix Factorization(RNMF)

RNMF[16] 3 ERTTN D/ A X Z/h S ENTEEZNMFTH 2. BN
Bz (213)IcRT.

o X c Rmxn’ U e Rka,V c kan

o [Aloa =301 al EEERS NS,

min IX —UV]a (2.13)

UERka,VERkX"

subject to U >0,V >0

JORZIR/IWLAG_RBETHZILHIC, RKECEE>TLES
N, 21/ ALAZAVWSIET, TOMBEZMRIDIENTARTH S,
ZDfc, NMFICEERTONZ MERZERFD6. ANfE /1X, 7%
REICEEEZRITULERSHEOBRRZN S I ENAERFETSH 2.

2.3.3 Graph Regularized NMF(GNMF)

GNMF 8] BN AZEEICEB ULRLNMFTH 5. Woid, T—5 ZfH
DHMFEREZERLLNMFTH D, TOESOBEFIHERICER
FIndenWsZ2ez, BETIECERD2DDT — % S O ERER
CE>TEHBEHUEBAMWAERFILT B (Tr(VLV) TEBRLTWD
(17, ENBE#HZRX 214) ICRT. WIFBEETI, pFEAE/INT XA —%
ZRLUTWS, BETINRTORBEBICES T2 EMENEROELE
=02 7RBELETINTH S,

o X c Rmxn’ U e Rka,V c kan

e Db=>,W,;, L=Db—W, x>0

min X — UV|% + uTr(VLVY) (2.14)
UERka,VERkX"
subject to U>0,V>0

COFERFANEBESEBTEWT =YY Y I (z;, z) 1d, TR BEEKIC
NETHDERMAE[ICEVWTAEWVWEBKETHDIET. DXED, ILIKkH B
HEFTIUIREIDZFREINBZIZBICEWT, TS50 TF—499 > FILIiZ
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BEWCHEWEBEICMHAETZIF T THR 2 EWSZE, WoIXBEFAEICE
BLTWS., Z0tdic, AABESEBICET22200T7 -5 7
(xj, z;) DEEEFRE, KOBZRHETIVAICENZENARILT 2HRENXT
ML (z;,2) EOBERICEBL, BCIKHBI BT —9 5> 7ILALH,
BERB2HRENIMNITREINZZEICHTBIRFTILT1EZ, NMFOD
BERBEBTERLLEEDTHD. RTILTrBHIET(VLV ) TREIND.
RENLTF s BEICDWT233ICRT.

RFINT«EHDEE

RINVTAEBHZEZZZK, BEORBERICE T2 RMANERZ T
TREULZW., Z20DIC, TORKBZEBEICE T 2R MAYERORBIE
ZZT7ICKRBLULETNTH 2BETNET —JHEERZH WS [18].

e BETIIWICOWT
BEEE1TOUE, TORBERICE T2 RANEROELNUEZT 7 IC
KRIBLETINTH B,

202

0 otherwise

Wﬂwﬂ{eXp(M) ;o BBEELTWSEHES (2.15)
W iE22007 =49 R (z;z) BOT—YEOEMBEREZREL TW
=y

BTN OVWTHRHBELUUTWSIKBIZLEAZS X, DT>
TFIWNICREHFZEZBRWN, CNICL > TEASFTENELD YV FILIC
EZBIENTES.

o REANY NILEEREI, ) DER
BBITINRBZEV =[21,...,2),..,2, ) EEERTD. ILLWEEIC K
%22DDT — 9 R (zj,x) ICRDT BDRVEENRT NI (2,2) BOEE
Bt d(z;,z) 23 (216) ICEERT 5.

d(zj,z1) = |lz; — =’ (2.16)
e RFINTAEDEZXT

AAESEBICEIFZ20DT =952 T (z;, ©) BNHEVWIHBEW,
DENEMTB2ESBRFILTEBEZEZS. e, REANT b
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LRIERHAKRE VBA LB VTS dz;,2) NEMT 3 &5 mAF )L
T4 BZEZ S, Wﬂ)S’lZ)‘d(zj,zl) DENEIMT B &7, SHIzHE
:E)iEEEIjJD-a_%J:j (_nX/:E-a_%)

e BRNAERFILT 1 BEES
FEORFILFAHOEZF LD, BEFIWERKRY KLY
B d(z,2) DN SBRANRERF LT A BHEERT 2.

N
1
3 > lzi— 20w (2.17)
Jl=1
e BAMAENRSFILTAEHEOEH
XQRINZEREL, BRANAERFILT EHZEHITZ. 22T
Db=>,W;, L=Db-W & EH

1 N
53 Nz = 2lPWa =

J,l=1

N —
Mz

z zj— 2z z+ 2 zl)Wﬂ

N
1
]l — Z Z?ZlWﬂ + 5 Z Zszlel

jil=1 jl=1

M ) J\Elﬂ’iz T

N

E T
Z]Dbjj — Zj Zlel
1 =1

= ( DbV’ — Tr(VWVT)
= Tr(VLVT)

CORFILTABEREREFERCHEBVWSATWS, RFILTEIE, 7
ZRAZVVI O, FEOKBEEMNEEANCNIX—9pERET D
DENHD, ZORBERRRITEDZENTES., ABICEVWTH,
FEOBEEBRNEFEANNTX =Y pEREUVLRBEZTHR>TWS,

2.3.4 Orthogonal Nonnegatively Penalized
Matrix Factorization(ONP-MF)

Orthogonal Nonnegatively Penalized Matrix Factorization({ #& ONP-MF & &€ iR
I2)19FHFEEZHFUN—IICIHEERT T TV I1EN)ICELE > TRE
TtENBEHZERLVLNMFTH S, IhRZ 77V 2Rl fIRNDOH S
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EEICEEBEORFEEEZHBENICKDZT7ILITY XL THS. NMFEH
EIFEWV, BEXHWERIELLNGXA—FEHRRETLVWANS, EXHF
HORFILTaICED, BHENICHFEEHNZERREIZEDTHS. &
o, ANRANESFED. YHEZSVDICE>TEZXZTWS®, TV
LTHHEZKRDZNMFELBRL T, HEBEKEEZETIEZ &N
AgEEThd. BENEHZR 218) ICRT.

o X c Ran’ U e Rka,V c RExn

e AERF", p>0(ZRDRFILT 4 INT X —%)

miny v A L,(U,V,A)

where L,(U,V,A) = %HX —~UV|%
+(A,=V) + L min(V, 0)[ I3

subject to U >0,VVT =1,

(2.18)

COFEEFIEEINEFAUTERL, GEFEZHAVWVTNEZTS. &
DEHREICDWT234ICRT.

& D B3

ONP-MF T, #EZT3U, RETIV, RO IV TV I 1FHANEZZH
EwmlcdETCREIT S CET, BExESES. B, WHEEMS,
BUV)ENNEEORERDZIEICFEFRULTKDIDLENH 5.

e UDEH
VEAZBEL, XTOFEEFHVOMFWVWRN_FREZ F <.
22T, X, V, given’R{ETH 3.
U « arg min | X — YV|% (2.19)
XERmM X
o VO EM
AENTEZBVWTEHRZTLR>TWVWSE. EXFHNZRILEL B
NEVZEHFZITS. AAVIEXRULT, ERAEBETERVCERR
R ICKE>TEHL, ERFNRIED 2, VVI =1, & %5 2% E [
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ANDEEETW, Wﬁ%#ﬁﬁténéi?%DL HEETS.
ATV THAZXAOBERICERERZRAWVWS, WEEHEN TSI N
5iv,my()%@bﬂ

A RBOEBTERVERESR
FIVEREABTEICLL>TEHT S, ZO0B, X7y THg
XHERODZCHICERERZRAHWND.

7 REBTEICELETVEREKRSIEE

1 . (2.20)
= V- B(UT™X — UTUV + A + pmax(—V,0))

B) ZOVVI =1, ZZEN D H &
(A)TkoicZze, VV =L,z @I EZBANNET S, ZICED
B zmRAWsdc e, R (221), 22)TckINdLSIk, E
RMEXEEZINOHIZIET, ZNZERL TWVWS,

CVIZZT =L, EmETVIVEBHF LELE D)
V = arg min||Z —Y|% subject to YYT =TI, (2.21)
V =1Z(z2"7)"\? (2.22)
e STV I 1REHADER
BEE A — maxaso L, (U, V,A) DAICKH T B2HEFE-VTHB &, &

fo, ADNFEBETHDIEICERLT, RRWB)DKLSICEHRIT 5.
CZT, ald@ ATy T A XTH .

A+ max(0,A — aV) (2.23)

ATy T A Xald, a=ay/t CEHEEK) THRELTWS,
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2.4 FEDLHEK

FEODRHZER22ICRT. TNETNOHKHEL T,

3Fﬁ1@%ﬂfﬁ’9, EfTHH, aMHE0, 121/ I)ILANREIF SN 5. ONMFE,
GNMFOHIHWIEHEER LEICEAD, RNMF & ONP-MF O /NX ~MEE %
Bol®, Thoodlfix=NMFIcEZ%cET, /AXT—FFICHUL

TOI SRV VY IRBENMLETZOTEBRVWAEEZISND. BEF
BICDOWTOFMIFIETARND,
K22 FEDOHER
Vil FREHNN | EXHK | REOHH | 121/ )04 | HE
NMF Direct (MU) random
ONMF | Direct (MU) v random
RNMF | Direct (MU) v random
GNMF | Direct (MU) v random
ONP-MF | Lagrangian Direct SVD
REFE | Lagrangian Direct v vV SVD
(Projection)
e Direct: E# /Y (32 8Y) (C ) 1

Lagrangian: 7 7" 2

Projection: & FIEIC L DKW

VI aBERICK

21

MU: Multiplicative Update (3% BY 5 #7 8ll)
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~ N

7

%I)(ﬂ

=38 1’

Ny

AKFRIE, 1ETENCNMFOBERRICEALT, ZOBRFED—
BID, 2B TCHRANLEEHRRTHSD. TR, TNSOHBZHU THRT
lcHicid, ZOHFHZNMFICERD AN, HAGDLESIETHETE
BWHhEEZTc, 22T, ERBICOD AN, HAGDLELNMFIF, /A
AT—=—FIEHUVUTI IRV T ZTE >R, ®EKROO/NX NEZ F
DFELDENHKEINTVNEINEWVNWSKHFTZTILEDTH B,

3.1 Robust Locally ONP-MF (Rbust-Li-ONP-MF)
BERE#HZR 31) ICcRT.
e X c R™" U ¢ Rk V ¢ Rkxn

e AERM™, p>0(ZRDRFILF /85 A —%)

1
.DAA:
Y e -Uwy

o X=I[z1,...,%4,...., %, ), V=1[01,...,05,...,0,] EEERT D.

ming v A L,,(U,V,A)

where  £,,(U,V,A) = %HX —UV]laa + (A, —V)
+§mmeﬁn@+¢ﬂﬂVLVﬁ

subject to U >0,VVT =1,

(3.1)

U V, \ZRENICEFIZ LT, ABN)DIPRNELBRDZEEZKRD S,
234ADHKZHICEERA R CRXRLLFEOFEHZHAGDLETWS., 20
e, EOWNRDEHDEHAIF234THEARNEEDELE>THDTH
2. BE, WNEEBEHLIS, B (UV) IVUNHEBOBRERZZEICERL
TKOI2VBEDODELERAKRDEHTH S.
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3.2 NBINESTIVI1R'RBOERN
3.2.1 UEHH

UIRARHEEERICL>TEHFZTS. AREEFZZHAVWTEOINEZ
75.

L ARRBBETETCKR® S, X7y T A X yFERER[9ICL -

TKD B,

oL
A — N dand 2]
YTy (3.2)
= U-—~(UVDV' - XDV")

2 AZA>0Z®WICTIZRARET 5.

ﬂ Ai,j (Ai,j > 0)
0 (A;; <0)

3.2.2 VEH

234 EARIC, AL E0ICEL>TEHRZITS. AHVZE, E2E
TEICEDEHFLU, EXHNWRLEDILOHDOVV =1, &R DEBANDEE
ZTW, NREENBLIND2ETEDRULGFEZITS. X7y 7HA
X[IFERBERNICL>TKRD B,

. BABRTEZHWIREEZZ XD 5.

oL,
2= Voiay

(3.4)
= V- B(UTUVD — U'XD + A + pmax(—V,0))

2. 2% VVI =, ZEE AN DY (Z, given, VIIBOBIC LD EH) T 3.

V = arg min||Z — Y||% subject to YY' =T, (3.5)
Y

<>
RE
n_la[_l.
ok

ANESZOEHEXEEEARD B TEAR[1LLIC & D@
9 5.
V = Z(Z'Z)7/? (3.6)
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3.2.3 AFE

SOOI BEBADAREEZERAVWTRkS S, 234 BEKRIC, BH
A maxpso L,(U,V,A) IR T 2HEIE-VTHD I &, kAETHD T
EICEBLT, UTOXTEMIS. X7 v T A Xald, a=ay/t TH
T2, tIFEHEHTH .

A < max(0,A — aV) (3.7)
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=48 FPMERR

Ny

I3 THEERROLYD, BEMRTCARNRLFEORHMZRND ANLER
EEEZL. REOHBDELERULUT, ANIMNERTIVSRIY VI
ENrmET2HDICKRZEEISNDS. 22T, /JAXZRBALET —
FIEFMULTDIZ RV THETV, EFEEODUBEREE TR 2.
ZOBEUTD2DODERET > It

o /A XBEDEA
JAXDBENBEMUVICBEOUHEANDEZEDOERD O

o FAMEINT X =5 n PRy DEDEL
EAMENZX = PR EERMpODERENS IS EEROLY

4.1 ™WHRKTT—FLv b
WHRT—FEYy MNERI41DODDBDZERA W,

K41 RBET -5ty b

dataset type | Instances(size) | Features(dimentionalit Number of clusses
| yp y

| COIL20 | Image | 1440 | 1024 | 20 |

e COIL020 BEDODYMARZ S ET ODAEZLT A CRELLLEBRT —4%
vk~

4.2 EREH

ABOREFEIE, 233&@EKRIC, FAMBNSX—F RO BEER)
DEICLE>THEENZET S, 20k, EEZEZDElck>T, &
DESKKIVZRIIVVIBENEILIDODICEBLLEEREZITR - 2.
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ONANEEZEBERROC/AXDI ATV IRBENDODEEDETRD /-
, /JAXT—FEFERALE. REBRTTRBR>LEHBDIEIUTDIDNDE
BRCTH D,

1 EBMER A= ZEZHDI TR )V IBE
INT XA —=%15{0.01,01, 1} D5DZEHKREL 2.

BiiEEMOBEEZE I ELBOISIRIVVIRE
INT A =% 1E{5, 10,15, 20} D4DZEHRE U Iz,

3/AXDBEANDEEZ{0.050075,01}DLARNILD /A XTF—4 %fE
FAULUTERZTH > L.

BFEZUTICRT,

e k-means|7]

e NMF 2.2% B

e GNMF 233 8

e RNMF 2.32% 18

e ONP-MF 234Z R
RBOZDOMEHEZUTICRT.

e iteration number:1000

e REFERVHERFERZASOHAT

e I3THP I HZFAMBEFTOSBAFHARTCZOREREZHRELT
W3

e NHAEIFTETRKDIET, SVSDOEBFEEBEAKEEZEZRTEL TV
% [21]

o ap=1.01, p=0.01 & HRE
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4.3 FHIEIE R

BROFEMICE, purity, Accuracy, NMIZHEZE UL THWE, Inso
BIEREBFETHIERWITRIV VY IIERTHZ I EZTRITEET
» 5.
purity (FE) [22] IF X (41) TERINDEETHD. COEREIE, EEY
TAIDT Y ZEVEEZRILDTH S.

o NT—H9H, KERY 7 XAIE

27— %

K

1
urity = — max(z; ; 4.1
purity = 3 max(z) (4.1

Accuracy[23] (IETEM) (T X (42) TERESNDSEERETHD. COEERIEFD
ZAYDEHEEZRTIDDTH S,
o7 TAI TN, diEBINI, T —F

o §(z,y)if e =y Z RIT B, map(r)) TNZFNOERBINILET FTRY
IR EXNIGSEZ2EHK

=1
Z(S(map(ri),di) (4.2)
N
N
NMI (ERtBEBRE) 24X U3) TEEINDEETHD. 2D
EERIZATIDELUEZRIDBDTHS.

Accuracy = max

e KERM IV ZRYIER, T'IEMBUV S AIDES

e MIMBEEEHKE, H- T hOE—

MI(K,T)
max(H (K), H(T))

H(K), HT)ig® (44) TRLEEI N 3.

NMI =

(4.3)

o NNBET —H5
o P(K;)) =l K| RSNtV SRAIKICEENZT—9K
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X Iz,

ZP ) log P(K.

ie€{l,2,.. k}
MIK,T)ER 44 TEES NS,

MI(K,T) = H(T) + H(K) —

28

H(K,T)

(4.4)



£5E RERHER

BEFMERZERSINSRLINRICKRT. £, X\FX—-—FDHH#ED
TOEBSKBEFMXZRK51MNSKE5ICRYT. R OMEILFFMEDS5E
EHDEZ, tRBEBEEREZRT. K> uRBEENNTIX =5 %, pldBE
EHEHAERT. £, FAMNRSX =Y uPHEEH)ODEINFZEDEL
k-means, NMF, RNMF, ONP-MF [Z & X DEHNZLL TH, FMEZFICE
BERFEIBWFETHS. &, REBVWVEEZRUELERZART, K
RTEVWEEZRUIEHERICTRTERT.

BEODHEBHITDE, FANKSIX—F9HFILLI->-TBREREZRI A

BEOHEIEESH, RUDNSRIDRENBDERFELDEVWEEZRT
REmof, ik, AONIAMNEERANLBRBEREZRD AN L
CLBPRBEDHALETHDEEZISND.

T, RETERSINICEBTE, /A XOEBEENEBELTWSICHE

P57, BENBELTWSIENERTES. ChiF, T—FIcE&>T,
REBEAENIA-SEBBEEHROEAGDEICLSIEHREEE
ZA56Nn%. 2FD, RANBGBEOREBIcL>THENAELELTWSCZ
ENHERTES,

KoT, ONZAMNERVEMPLBEEDBERDHE5IC K > TONP-MF
ODEEZERL, BEODMLIC YBT3 ENTCELEERE LS 2.
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x5 V7RIV YT REER (pnum=>5, noise level=0.05)

’ method ‘ (-num ‘ purity ‘ Accuracy NMI ‘
k-means — 52.6 47.8 52.6
NMF — 54.7+0.9 | 51.04+1.2 | 59.7£0.6
Robust NMF — 17.840.3 | 17.3£0.2 | 17.4+0.1

0.01 | 12.940.08 | 11.940.1 | 9.540.1
GNMF 0.1 11.0£0.3 | 9.740.3 6.7£0.4
1 11.1£0.2 | 10.3£0.2 | 8.4#£0.1
ONP-MF — 71.5+1.1 | 68.5+1.0 | 78.5+1.1
0.01 69.6+1.6 | 68.0+1.6 | 77.5£0.6
Robust-Li-ONP 0.1 72.74+0.9 | 70.74+1.6 | 78.440.8
1 72.94+1.0 | 71.1£1.9 | 78.8£0.5

®52 VIAFYYITERER (pnum=10, noise level=0.05)

’ method ‘ J-num ‘ purity ‘ Accuracy NMI ‘
k-means — 52.6 47.8 52.6
NMF — 54.7+0.9 | 51.0+1.2 | 59.74+0.6
Robust NMF — 17.84£0.3 | 17.3£0.2 | 17.4£0.1

0.01 15.440.7 | 13.840.7 | 13.840.9

GNMF 0.1 13.5£0.08 | 12.6+0.1 | 11.5£0.05
1 12.0£0.03 | 11.240.03 | 7.940.06

ONP-MF — 0.724+0.1 | 0.694+0.09 | 0.794+0.01
0.01 0.71+0.1 | 0.68%0.1 | 0.78=£0.07

Robust-Li-ONP 0.1 0.72+0.2 | 0.71 +£0.3 | 0.7940.1
1 0.71+0.1 | 0.684+2.3 | 0.78%+1.2
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F£53 V7RI YYITERBER (pnum=15, noise level=0.05)

’ method ‘ (-num ‘ purity ‘ Accuracy NMI ‘
k-means — 52.6 47.8 52.6
NMF — 54.7+0.9 | 51.0£1.2 | 59.7+0.6
Robust NMF — 17.840.3 | 17.3+0.2 | 17.440.1

0.01 | 12.3£0.3 | 11.7+£0.5 | 9.440.2

GNMF 0.1 9.240.1 8.3£0.1 5.240.1
1 12.94+1.1 | 12.541.1 | 8.6+0.9

ONP-MF — 71.5+1.1 | 68.54+1.0 | 78.5+1.1
0.01 | 70.7£2.2 | 68.3£2.6 | 77.4+1.5

Robust-Li-ONP 0.1 71.3+1.6 | 67.9£2.3 | 78.24+0.8
1 72.841.9 | 70.8+£2.4 | 79.0+1.3

RKo4 V7RIV YT EREFER (pnum=20,

noise level=

’ method ‘ J-num ‘ purity ‘ Accuracy NMI ‘
k-means — 52.6 47.8 52.6
NMF — 54.7+0.9 | 51.04£1.2 | 59.7+0.6
Robust NMF — 17.840.3 | 17.3+£0.2 | 17.440.1

0.01 8.7£0.5 8.0£0.5 | 4.440.5

GNMF 0.1 9.5+0.6 9.0£0.5 6.3£0.9
1 10.3+£1.3 | 9.7£1.2 6.1+1.4

ONP-MF — 71.5+1.1 | 68.5£0.9 | 78.5+1.1
0.01 | 71.1£2.5 | 69.3+3.8 | 78.0%+1.2

Robust-Li-ONP 0.1 72.4+2.1 | 70.34+3.1 | 78.4£1.0
1 70.94+1.7 | 69.2£1.9 | 78.4+0.7
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R55 VITAY VYT RBEER (pnum=>5, noise level=0.075)

’ method ‘ (-num ‘ purity ‘ Accuracy NMI ‘
k-means — 51.9 49.0 51.9
NMF — 53.6+0.7 | 50.8+1.1 | 59.8+0.5
Robust NMF — 16.4+0.5 | 16.2+0.5 | 15.240.8

0.01 | 11.4£0.4 | 10.3+04 | 8.6+0.7

GNMF 0.1 7.7£0.5 | 7.1x0.5 | 3.7£0.7
1 10.8£0.6 | 9.2+0.6 | 7.4+0.6

ONP-MF — 70.7+1.7 | 68.84+2.4 | 77.5+1.0
0.01 | 69.5£1.6 | 68.0£2.6 | 77.7£0.7

Robust-Li-ONP 0.1 69.3+1.6 | 66.5+1.2 | 77.74+0.7
1 70.54+2.7 | 68.4+3.2 | 77.7£1.3

&56: VXYY YT EBRER (pnum=10, noise level=0.075)

’ method ‘ J-num ‘ purity ‘ Accuracy NMI ‘
k-means — 51.9 49.0 51.9
NMF — 53.6+0.7 | 50.84+1.1 | 59.8+0.5
Robust NMF — 16.4+0.5 | 16.2+0.5 | 15.240.8

0.01 | 14.64+0.2 | 14.1£0.2 | 13.840.2

GNMF 0.1 7.2£0.2 6.5£0.8 2.84£0.2
1 9.3+0.07 | 8.5+0.05 | 5.1+0.07

ONP-MF — 70.741.7 | 68.8£2.4 | 77.5+1.0
0.01 | 70.2£1.9 | 67.5£1.6 | 78.4£0.5

Robust-Li-ONP 0.1 70.84+1.4 | 69.9+2.2 | 78.34+0.7
1 70.9+2.6 | 69.3+2.1 | 78.0£0.6
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RETVITAI YUY T RBEER (pnum=15, noise level=0.075)

’ method ‘ J-num ‘ purity ‘ Accuracy NMI ‘
k-means — 51.9 49.0 51.9
NMF — 53.6+0.7 | 50.8+1.1 | 59.8+0.5
Robust NMF — 16.4+0.5 | 16.2+0.5 | 15.240.8

0.01 9.2404 | 85+0.3 | 5.7+0.7

GNMF 0.1 10.8£0.4 | 9.9+0.4 | 7.1+0.5
1 9.0+£0.6 | 82+0.5 | 4.3+0.5

ONP-MF — 70.7£1.7 | 68.8£2.4 | 77.5+1.0
0.01 | 71.841.7 | 69.94+1.9 | 78.7£0.9

Robust-Li-ONP 0.1 72.0+1.6 | 69.64+1.5 | 78.74+0.8
1 70.44+1.2 | 68.5£1.4 | 77.1+0.9

®58 VT RAFYYITERBRER (pnum=20, noise level=0.075)

’ method ‘ J-num ‘ purity ‘ Accuracy NMI ‘
k-means — 51.9 49.0 51.9
NMF — 53.6+0.7 | 50.8+¢1.1 | 59.8£0.5
Robust NMF — 16.4£0.5 | 16.24+0.5 | 15.240.8

0.01 8.9£0.04 | 8.440.07 | 4.840.09

GNMF 0.1 14.3£0.04 | 13.440.04 | 11.240.01
1 12.0£0.03 | 11.440.03 | 06.5£0.2

ONP-MF — 70.7+1.7 | 68.842.4 | 77.5£1.0
0.01 | 72.14+1.8 | 69.6+2.6 | 78.5+0.8

Robust-Li-ONP 0.1 70.8£2.4 | 68.74£2.8 | 78.3%1.0
1 73.0+0.4 | 72.14+0.6 | 79.5+0.3
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K59 V7RIV YT EREER (pnum=>5, noise level=0.1)

’ method ‘ J-num ‘ purity ‘ Accuracy NMI ‘
k-means — 35.8 32.9 52.7
NMF — 52.5+1.1 | 49.941.1 | 59.2+0.8
Robust NMF — 11.1£0.6 | 10.840.6 | 7.7+04

0.01 | 13.840.5 | 13.4+0.5 | 9.2+1.3

GNMF 0.1 10.2£1.0 | 9.6£0.7 | 7.1+1.6
1 8.440.9 | 7.840.8 | 4.7+1.2

ONP-MF — 70.24+1.9 | 68.3£1.9 | 77.7+0.8
0.01 | 71.9+1.9 | 70.0+£2.6 | 78.4£1.3

Robust-Li-ONP 0.1 71.54+1.1 | 69.7£1.7 | 78.3+0.9
1 71.9+1.3 | 70.3£1.6 | 78.3+£0.9

&£510: 75 A5 Y YT ERER (pnum=10, noise level=0.1)

’ method ‘ (-num ‘ purity ‘ Accuracy NMI ‘
k-means — 35.8 32.9 52.7
NMF — 52.54+1.1 | 49.9+1.1 | 59.2+0.8
Robust NMF — 11.1£0.6 | 10.840.6 | 7.7+0.4

0.01 9.3+£0.4 7.9+0.4 5.240.4

GNMF 0.1 12.6+£0.1 | 11.54+0.1 | 10.0£0.4
1 11.6+£0.06 | 11.1£0.06 | 8.0£0.1

ONP-MF — 70.24+1.9 | 68.3+1.9 | 77.7+0.8
0.01 70.6+2.1 | 68.6+2.5 | 77.9+1.3

Robust-Li-ONP 0.1 70.8+1.4 | 68.4+1.1 | 78.0+0.8
1 70.7£1.8 | 68.0+0.3 | 77.94+0.4
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K511 V5 XAY VYT EBRER (pnum=15,

noise level=0.1)

’ method ‘ (-num ‘ purity ‘ Accuracy NMI ‘
k-means — 35.8 32.9 52.7
NMF — 52.5+1.1 | 49.94+1.1 | 59.2+0.8
Robust NMF — 11.1£0.6 | 10.840.6 | 7.7+0.4

0.01 | 13.440.4 | 11.840.5 | 10.24+0.5

GNMF 0.1 10.3£0.2 | 9.24+0.2 | 6.6.40.2
1 11.740.2 | 10.84£0.2 | 7.0+0.1

ONP-MF — 70.241.9 | 68.3£1.9 | 77.7+0.8
0.01 | 72.2+1.4 | 70.0+£2.2 | 78.7+0.7

Robust-Li-ONP 0.1 72.6+1.8 | 70.44+3.3 | 78.7£0.7
1 70.042.2 | 68.1£2.5 | 77.5%+0.8

F®512: VTRV Y ITERER (pnum=20,

noise level=0.1)

’ method ‘ J-num ‘ purity ‘ Accuracy NMI ‘
k-means — 35.8 32.9 52.7
NMF — 52.5+1.1 | 49.94+1.1 | 59.2+0.8
Robust NMF — 11.1£0.6 | 10.8+£0.6 | 7.7+0.4

0.01 | 13.1£0.6 | 12.3+0.5 | 14.1+04

GNMF 0.1 10.9£0.3 | 10.5+0.3 | 7.1£0.6
1 9.6+£1.4 | 9.3+14 | 53+1.3

ONP-MF — 70.24+1.9 | 68.3£1.9 | 77.7+0.8
0.01 | 71.4£2.1 | 69.3£2.2 | 78.1+0.9

Robust-Li-ONP 0.1 72.7+2.0 | 71.54+2.3 | 78.9£0.9
1 72.242.1 | 70.6+£3.1 | 78.6+1.2
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results
T

0.8
I k-means
I NMF
 E— -3
0.7 - 4 |C_—IGNMF
il [ Proposed
I ONP-MF
0.6 i
205 B
=3
(%2}
©
1)
=
o 0.4 i
£
9]
k7
=
O 03 4
0.2 4
0.1 H H 1
0

Accuracy Purity NMI
evaluation method

5.3: 15 B FE 1 X (1=0.01,p=5,noise=0.05)

results
0.8 T
I k-means
I NMF
— [l
0.7 1 [ IGNMF
[ Proposed
I ONP-MF
0.6 -
L 05
=}
[Z]
©
(]
=
o 0.4
£
@
@
=
O 03
0.2
0.1
0
Accuracy Purity NMI

evaluation method

5.4: #5 B FEf K (©=0.1,p=10,n0ise=0.05)



0.8

0.7

0.6

Clustering Measure
o o
» (6]

o
©

0.2

0.1

results

I I

Accuracy Purity

evaluation method

NMI

I k-means
I NMF
[l
[ 1GNMF
[ Proposed
I ONP-MF

5.5: 5 B 5P M X (1=0.1,p=20,n0ise=0.05)




%ll I

Ny

S6E 5

KR TIE, NMFZ 58 U7 ONP-MF O BB R D 6, AN M
EEMPEMIERZ FEICH I U 2 Robust-Li-ONP-MF @ B B # &k E D
EHICDODWTOREZT - 2.

BRELT, ZFEEHRLUT, EHLEPEVWAONINEINERTE
fo. e, FEEELIS, RAZHWEEICLI2BEEOM LN ERIT S
ENTE T,

SHELT, 2BOT—HICEAULTHRAFOREEZTL, EOTF—%
CEBUTHREKDHEENSOSNINDERZITSLENH D, £k, £
BONTA—FICEULTHELIDHENKEEL, BYRBR/INTAX—=F(FED
BEHEICENITDINEDRTZITS.

39



S

AAREEEIT DICH->T, TEEZWEREREFULLEHBZELE
OO SREHBLETFEY, £, EIVPEERNERETCBE, T
BrWlEFRUL, HFEHRXRLEE, EHERLFEE, AR Y N7 —
FUBEOKRAREICRERETZLT, B TWEEEFULIEAAES A
DS REELETERT, 20T, BEEGMREFHBZITSOIENTE
EORFEICEZED, BFESCENTELRBEANOHBEI WL S
TY. HS5ILH, REOEEXERULET. HOHHESITVFEL L.

40



References

[1]

[9]

Wang Yu-Xiong and Zhang Yu-Jin. Nonnegative matrix factorization: A com-
prehensive review. IEEE TRANSACTIONS ON KNOWLEDGE AND DATA
ENGINEERING, 25(6), June 2013.

Daniel D Lee and H. Sebastian Seung. Algorithms for non-negative matrix
factorization. Advances in neural information processing systems (NIPS), pages

556-562, 2001.

Zhang Zhong-Yuan. Nonnegative matrix factorization: Models, algorithms and
applications. Data Mining: Foundations and Intelligent Paradigms, 24:99-134,
2012.

C. Boutsidis and E. Gallopoulos. Svd based initialization: A head start for non-
negative matrix factorization. Pattern Recogn., 41(4):1350-1362, April 2008.

Robust Capped Norm Nonnegative Matriz Factrization, October 2015.

Kong Deguang, Ding Chris, and Huang Heng. Robust nonnegative matrix
factorization using 121-norm. Association for Computing Machinery(ACM),
pages 673-682, 2011.

Seungjin Choi. Algorithms for orthogonal nonnegative matrix factorization. In
Neural Networks, 2008. IJCNN 2008. (IEEE World Congress on Computational
Intelligence). IEEE, June 2008.

Cai Deng, He Xiaofei, Han Jiawei, and S. Huang Thomas. Graph rearized
nonnegative matrix factrization for data representationgul. [EEE TRAN-
SCATIONS ON PATTERN ANALYSIS AND MACHINE INTELLIGENCE,
33(8):Nonnegative matrix factorization, graph Laplacian, manifold regulariza-

tion, clustering, August August 2011.

B bhd BIBEFEEE A — A%t November 2010.

41



[10]

[11]

[12]

[13]

[15]

[16]

[17]

Nocedal Jorge and J. Wright Stephen. Numerical Optimization. Springer Series
in Operations Research and Financial Engineering. Springer-Verlag New York,

2006.

Roger A. Horn and Charles R. Johnson. Matriz Analysis. Cambridge University
Press, New York, NY, USA, 2nd edition, 2012.

M. Chu, F. Diele, R. Plemmons, and S. Rangni. Optimality, computation, and
interpretation of nonnegative matrix factorizations. JOURNAL ON MATRIX
ANALYSIS, October 2004.

N. Del Buono and G. Pio. Non-negative matrix tri-factorization for co-
clustering: An analysis of the block matrix. nformation Sciences, 301(C):13-26,

April 2015.

Ding Chris, Li Tao, Peng Wei, and Park Haesun. Orthogonal nonnegative
matrix tri-factorizations for clustering. In SIGKDD, pages 126-135, August
2006.

B AT IEBMEITIEF 28 In the Society of Instrument and Control
Engineers, volume 51, pages 835-844. 1 O 7 %, 9 2012.

Yang Shizhun, HouChangshui Chenping, and Wu ZhangYi. Robust non-
negative matrix factorization via joint sparse and graph regularization. Neural

Computing and Applications, 23:541-559, August 2013.

Li Yeqing, Huang Junzhou, and Liu Wei. Scale sequential spectral cluster-
ing. In AAAI’'16 Proceedings of the Thirtieth AAAI Conference on Artificial
Intelligence, pages 1809-1815, February 2016.

Mikhail Belkin and Niyogi Partha. Laplacian eigenmaps and spectral techniques
for embedding and clustering. In T. G. Dietterich, S. Becker, and Z. Ghahra-
mani, editors, Advances in Neural Information Processing Systems 1/, pages

585-591. MIT Press, 2002.

Pompili Filippo, Gillis Nicolas, Absil P.-A, and Glineur Francois. Two algo-
ruthms for orthognal nonnegative matrix factrization with application to clus-

tering. Neurocomputing, (141):15-25, April 2014.

42



[20]

[21]

[22]

[23]

Wang Enyuan, Zhu Zhen, Chenc Wei, and Xiaod Pengcheng. Manifold nmf

with 121 norm for clustering. Neurocomputing, 2017.

Pompili Filippo, Gillis Nicolas, Absil P.-A, and Glineur Francois. ONP-MF: An
orthogonal nonnegative matrix factrization algorithm with application to clus-
tering. In Computational Intelligence and Machine Learning (ESANN 2013),
April 2013.

Peng Chong, Kang Zhao, Hu Yunhong, Cheng Jie, and Cheng Qiang. Ro-
bust graph regularized nonnegative matrix factorization for clustering. ACM

Transactions on Knowledge Discovery from Data, 11(33), April 2017.

Ma Huifang, Zhao Weizhong, Tan Qing, and Shi Zhongzhi. Orthogonal non-
negative matrix tri-factorization for semi-supervised document co-clustering.
Pacific-Asia Conference on Knowledge Discovery and Data Mining, pages 189—
200, 2010.

Cheng Hao, A.Hua Kien, and Vu Khanh. Constrained locally weighted cluster-
ing. Constrained Locally Weighted Clustering, Volume 1:Pages 90-101, August
2008.

43



