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A Study on Organization and Evaluation of
Multi-digit Multiplier

Syunji YAZAKI
Abstract

This thesis describes a study done on hardware organization and evaluation of
multipliers for multi-digit integers with large bit lengths which exceed those of
general-propose processors.

Multi-digit arithmetic is widely used for various applications in recent years,
including numerical calculation, chaos arithmetic, primality testing. Multi-digit
arithmetic requires much computation time especially for multiplication fre-
quently used in many applications, leading to forming a bottleneck in systems.
Many sophisticated multiplication algorithms faster than the traditional school-
book algorithm with complexity of O(n?) have been proposed, among which
Karatsuba 2-way, 3-way, 4-way, and 5-way methods of O(n!®%), O(n!-46%),
O(n'1%%) and O(n'3%) respectively, modulo arithmetic of O(n'-%3), and Fast
Fourier Transform (FFT) method of O(nlognloglogn) are well known, where n
stands for number of multiplication digits. Although FFT method is the fastest
with respect to computational complexity, its actual performance is worse than
that of Karatsuba method for calculation of hundreds to tens of thousands
bit multiplication due to the overheads caused by complex-number operations.
Karatsuba method is frequently employed for many applications except for those
requiring millions digit multiplication. Many software implementations of these
algorithms are available and several studies on hardware implementations of
multi-digit multiplication over Galois field (GF) have been reported. However,
studies on multi-digit multiplication for integers are rare.

The goal of this study is to implement multi-digit multiplication by hardware
for integers with very large bit length using FFT algorithm and for integers

with medium bit length using Karatsuba method, and evaluate their costs and
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performances compared with software and other hardware implementations.
For hardware implementation of FFT multiplier, optimum data representations
assuring precision to produce correct products are defined based on experimental
error analysis using observations that maximum error occurs when multiplying
maximum values. Implementation results show that hardware FF'T multipliers
with optimized data representations can reduce the area by 60% and critical path
delay by 26% compared with those with IEEE754 64 bit floating-point represen-
tation. A version of optimized FFT multipliers using HITACHI CMOS 0.18um
technology was found to perform multiplication of 2° to 2'® digit hexadecimal
numbers 19.7 to 34.3 times (25.7 times in average) faster than software FFT

2, The hardware implementation of FFT

multipliers at an area cost of 9.05mm
multipliers was found to realize 35.7 times better performance than software
Karatsuba multiplier with an area cost of 16.1mm? for 22! digit hexadecimal
multiplication where the software FFT and Karatsuba multipliers give the same
performance. The feasibility of implementing FFT multiplication by hardware
was shown by the result that an FFT multiplier for two digit hexadecimal num-
bers can be fabricated on a custom VLSI chip with the size of 2.8mm square.

When implementing Karatsuba algorithm by hardware, there are two alterna-
tives: iterative and recursive approaches. In the iterative approach the algorithm
is realized by sequential circuits. The architecture is called iterative Karatsuba
multiplier (IKM). In the recursive approach the algorithm is realized by combina-
tional circuits. The architecture is called recursive Karatsuba multiplier (RKM).

The implementation of RKM architecture using 0.18um process was found to
have less area cost than that of standard Wallace Tree Multiplier (WTM) for bit
lengths larger than 2°. The area cost of 22 bit RKM was 30mm?. The critical
path delay of RKM is always larger than that of WTM. Therefore we should use
WTM instead of RKM for fundamental combinational multiplier used in IKM in
order to have better performance cost ratio.

The implementation of IKM architecture was carried out with the number of
recursive applications of Karatsuba algorithm varied. The designs are denoted
by R1IKM, R2IKM, and R3IKM referring to the cases when the algorithm is
recursively applied one, two, and three times, respectively. For each design the
performance, area cost, and power consumption were evaluated by varying the
length of fundamental combinational multiplier from 4 to 128 bits. The results
show that the IKM designs with 32, 64, and 128 bit fundamental combinational
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multiplier are 5, 10, and 30 times faster than software Karatsuba implementation
(exflib), respectively. The area cost of R3IKM with 128 bit fundamental multi-
plier was found to be 10.9mm? which is the largest among IKM designs. The
energy consumption of the same design was found to be 1/600 of that consumed
by general-purpose processor which executes the software version.

Combining the results obtained by the study we found that the performance
of FFT multiplication exceeds that of Karatsuba multiplication for digit lengths
larger than 223 bits (22! hexadecimal digits). This holds both for software and
hardware implementations. The performance of hardware implementation is 30
times better than that of software implementation for 223 bit multiplication. This
holds both for FFT and Karatsuba multiplication methods. The area costs of
223 bit FFT multiplier and IKM were 16mm? and 2'?mm?, respectively. Ex-
ternal memory was not taken into account for evaluating the area costs of FFT
multiplier.

To conclude, this study revealed tradeoffs of hardware and software implemen-
tations of FFT and Karatsuba multiplications for wide range of applications with
respect to performance and area costs. The results obtained by this study will
help system designers for applications requiring multi-digit multiplication to se-
lect design alternatives including ASIC realization. The study should contribute
to research and development of multi-digit arithmetic implementations and to

promoting their use in various applications.
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H; = X; x ;[ (3.4)
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X {Wixoyo—}-Winm —I—-'-—I-WiX(N_l)nyl} (3.6)
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I, = + TiYn—1 + +  Tp_oYo + Tu_1Ui
hopn—3 = Tp—2Yn—1 + Tp—1Yn—2
hgn_g = Tn—1Yn—1
hop—1 = 0
dodoogog
N—1
x = Z x;r (3.10)
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0000 (controller) 000D O0O0O0O0O0OO0OO0OUOODOOOOOOOOOOO
gobboogobobooobbooooboo
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000000000 (fpaddsub)
fpaddsub 00 000000000000000000000000000000
000000000000000

1. 000000000 0oboDoboobooooo
2.00000000Db000bObDO0ObDOn

. 0bdbooobooboboboobooobooboboobooobon
4. 0000000

5. 00000000 bO0DbOObODUOUObObODbOODOoUObOoODO

00000000 (fpmul)
fpmul 00 00000000000000000000000000000

gobbooooboboooobbooon

gooboood

gooooooooo

gobobooooobobooogooon
goboboooobobboooobboooobobboooooo

AN e

000000 (complex multiplier)
complex multiplier 0000000000 s,.+s;y0¢.+¢,7000000000
(3.28) 000000000000 UO0OUO0O0 00000000000 OOO0
000000000000000000O00O0O00O0DO0OO (328000000
dooooooooboooooooooooooooooon
pr+Jpi = (sr +jsi)(tr + ti) = spty — siti + j(s0ti + sily)
= sty — siti + §((sr + 8:)(tr + i) — (srty + 5it3))
(3.28)
000 0 complex multiplier 0000000 fpaddsub 000000 500 fpmul
0oo0ono 3000000000000 ooooooooooon
3.100000

00000000 (butterflyD inv-butterfly)
butterfly 0 00000 FFTOOODO O Oinv-butterfly 0 0000000000
0000000000000 DO00DO00OD0D00OD0DO0O0 FFTODDOODD



400 30 00000000 (Fast Fourier Transform, FFT) 0O O O00OO00O0O00O0O00O0OO

Sr S Ly L]
* 1 |
| | 1 ! | |
fpaddsubadd) fpmul fpmul fpaddsubadd)
[ ]
[
fpaddsubsub) fpaddsub(ada) fpmul
I I I
buf fpaddsubsub)
I I
p r p i

O 3.10 complex multiplier OO O0OODOODO

OO00D0D0000o0o0oo0ooo0n0 Cooley-Tukey FEFT OO ODOODOOOOOODO
O0000D000D0000D «0y0000000 XO0YDODOOOX =xz+yWO
Y=2c—-yWODOOODODODOOOxz0yOXO0YOWODOODODOOW O FFT
O00000000000000000000oUoooU0oooo0 X/'oYy'ooo
0000 20y 000002 =X/ 4+Y'0y = (X' -Y)W O0OO0DD0DD0O00y0
X'O0Yy'oooooooow/ 0o FFTOOUOOODOOoOoOO wooooooooo
butterfly O inv-butterfly O 0 complex multiplier 00000 1 00 fpaddsub O
O000 4000000000000000DO0DO0ODOO0O0OOOOODODODOOD
3.1100 3.120000

Xro X Ve Vi Wr Wi

buf | | buf complex mul

< I
- Py

- A
fpaddsub(add) | | fpaddsub(add) | | fpaddsub(sub) | | fpaddsub sub)
| [ [ I
Xr Xi Yr Yi

O 3.11 butterfly OOOOODODOO
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xl r xl’l y. p Yi Wr Wi
| | — . ‘
[ | | 1
fpaddsub(add) | | fpaddsubdd) | | fpaddsubub) | | fpaddsub sub) sign
| | | . |
buf buf complex mul
[ [ T T
X’ X’; Y’, Y’;

0 3.12 inv-butterfly 00000000

0000 (scaler)
DFTOD0ODO0OODODOO
N-1

X; = T Wik (3.29)
k=0

00000000 X0 00000 IDFT O
1N—l
—ik
xizﬁkzokaN (3.30)

0000000000000000 NOOOODDOOOOODDOOOOoo0ooON =2F
(k0000)000000000O00O000D000O0000O00O0O0O0O0O0O000 k
O000OCOOOscaler 00O0O0O0OOO0OODODOOODOOO

gooobobbooouoboboooobbuoooobbuooodobbooooobo
O0OO00OO0DOOoO0ODFTOODOOOOOODOODODOOODODOODOOODET O
000000 R;+4I;] 000000000 342000000000000000
00000000000000000 I;Jo 000000000000 000000
0 [;]000000000000000DO00D ;00000000 R,ODO0ODOO
gogooobooogoooad

00000 scaler 000000 R, D000000O00OO0OOODOODO 100
ggobobboooooo

000000 (rounder-carrier)
rounder-carrier 0 0 000000000000 O0OO0OO0OOOOOOOOOOO
Oo0000o00ooo0oooooooooo0ooooooooooooooooooo



420 30 00000000 (FastFourier Transform, FFT) 0O O O0OO0O0O0O00O0O00O0OO

Ooobooobobooo 2000b000bOobD0 100000 10DbOObOODOO
OOooOoboooboooobobboooobOoDbD 10000 0500000 ODOD
gobooooobobobooobobbudorobbbooobbbooobbboOon
goo

1. 0O0Do0booonog

2.000000000000000000O0(@MUODO0DUODDOOUODOO
OoOoooo0ooooog)

. 00000pb0oboboOoboOo 1oob o0 1oobobbooooo

4. 0000000OO0ODOO0OO0ODOODOOO0ODODO0OO0ODOODODODOOODObODO0ODO
ob0oboooboooboooobOon

o. DO ODOOoDbOD

6. 2000000000000 0ODOO

000000000 00bL0000bL000oo0U000oboLUU0ooLoLUUooLoUoUUooOooo
000000000 10000000000 0oo0oooooooobooooooao
000 10000000Orounder-carrier 000000000 3.13 0000

carry 1}'1

fpaddsub(add)
|

carry calc
L

I
out nhumber of digit

0 3.13 rounder-carrier OO0 O0O0O00OO0O

000 (memory)

gobooobooobboobooobooobooobooouooooo
goboooobobobooobboooobbooobbboooobbooooo
gdddoooooooooooobbbbbbbbbibib0ddUdd memory O
O0000000000000000000000FFT 0000000000 W
gooooooobbbbbbbooodoogougobbbbbobooooogoo
DO0WkOOOODDODOOO0OO0O0D00O000000000000000000000
gooboobboooooonobobbbooooobbibld memory UOOOMO
gooobog
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memory 000000000 3.14000000 (Multiplier)D O OO (Multi-

= For Multiplier- — = For Multiplicand - =
(

I Real Data || Real Data I Sin RAM

| | Dual Port RAM A | | | | Dual Port RAMB | | | Single Port RAM
| (High) | | (High) |

I || | Cos RAM

I Real Data |1 Real Data || Single Port RAM
| [Dual Port RAM A | | | |Dual Port RAM B | |

I (Low) : I (Low) :

| i |

| | Imaginary Data || || Imaginary Data | |

| [Dual Port RAM A | | | |Dual Port RAM B | |

| (High) || (High) |

: : :

| | Imaginary Data || || Imaginary Data | |

| | Dual Port RAM A [ | || Dual Port RAM B | |

| (Low) || (Low) |

\\ _________ _// \ _// memory

0 3.14 memory OO0OO0OOODO

plicand) O 0 00O (Real Data) 00O OO (Imaginary Data) 00O 000000
DPRAMOODODODDOODODOOOODODODODOOOODODD2000 0 yODODOOO
000000000000 DO0DO0D00D0 XOy oooboooooobooooo
00000000 D02 000000 XOODOODOODODOODOD HighODODOy
O0O00O00 Y OOOODOoOODOOOD LowDhOOOOOODODOODOOOD
gogbobboooobobuoogobbooobbbooobbooobbooobbood
0000000000 memory UODOO0ODOOODOOOO sinlU cosOOOOO
00000000 RAMOOOOOOOODOODODO RAMODODOODODOOOOOO
O00D0OO0O0DOSPRAMOODOOO

000o0O00 (controller)

controller 0000000000 DOO0OO memory OO0OOOOOOOODOCOO
0000000000000 0 FFTODOODOODODODOOmemory 0000
gboobobobobooboobobobobooobo



440 30 00000000 (Fast Fourier Transform, FFT) 0O 00000000000 OO0OO

0000000 FFTODOODODODODOOOOOODOOODOODOODOODO FEFT
OoOoOO00o0ooo0Oo 3.1500b00000oboboboooooooo 3.Toooo
FFTOOODODODODODODODODODODODODOO0DOO0DOO0ODO0O0O00O00O0O0O00OO
00000000000 000000 HghODODoOOOoOOoooooooooooo

@ @@@ : row number Z : High Memory
: column number : Low Memory

Add
l rfss > ! g »

X 0% o o 0 X
s %’ oy
X1 g (0 0 O[] X 4
Xy 2é (0] o] ” W 1R X
5 . D8
X334 “ 1{0 192 1% X 6

X 0_: 0 ‘ | ‘ ‘ —— I ?

4 (2] 2[% 21X

x5 1)e 0 . 3% s] x5

xg2(of " 2 X3
S .

X734 3 X7

X

0315 FFTOOOOOOODODOOOO

000000000 LowODOOODOODODOODODODOODODODODOD
goboboodobobuoooobboooobobboooon

gobodoboboogobbtbdobbboooobbooobbbouduebog
O000D00000000 column 000000000 ODOOODOO0O rowdO
O000000O0column OO0 row DO0O0O000O000O00OO (row,column) 00
gooboooooooboooon
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10000000000000000 (3.22)0000000 pd¢0POQUW* O
sO0000000ODOO0OO0ObDObObOObO sl6e0bO0bObOODbDODbOOIDObObOO

p P

qe W 0
0316 ODOoooogoooooao

0000o0o00oooodpdgoWkooOOOOoOoOoooPOQUOOOOOOO
ggobobboooobbbuoooobobooon

O0ONOOOOOOOO FFTOOOOO(row,column) 0000000000
goooobbobbioodooooooouooobobbobboooooooooon
O0p0qeDO000D000D0O0ODO0ODOp0O HighOOODOODOgeUO LowODOODOODO
o0oobO0obOobOooooooOOobOU0oOooboO0oobOobOo 3ATODoDbOOobDOoDbDOoD
gogoood N/2C°lum"DDDDDDDHighD LowOODOODOOOOODODOO
O0000000DoDPOQOOODDOOOODODOOODDOOOODOOOODOOOOD
u N/2€Olumn+1DDDDDD HighODO Low OO0 O0OO0OO0OOO0ODOOODOOODO

High p P High
Memory Memory
Low
k Low
Memory q w Q Memory

‘N/Zcolumnt ‘N/zcolumn+11

High P P : : High
Memory Memory
Low
k Low
Memory q w Q Memory

0317 pO0¢0 POQOOO0ODOOOOOOOOOOOO




460 30 0O0O0O0O0O00O0O (FastFourier Transform, FFT) 0O 00000000000 O0OO

row 0000000000000 0OD0O0O0OHIghOOOOOOOO row OO0
D000O0OLow D00000000POOO0O0D00 row— N/20wmn+lgQ O
0000000 row+ N/2eowmn+l 0OOOWE 0ODDO0OO00kKOOODOODO
Sin RAM O Cos RAMOUOOOOOOOOOOO (row,column) 0000000
0000000 0000000000000 000O0row O v (=logy,N) OO
O0 2000000000000 318000000000000000 rowye, O
000k O rowye, O (v —column) 00000000000 000000

v(=log, N) bit

v-1|v-2 LI I 110

0318 0000000

FFT OOODODOOO 3.15000000000000000000DO0O0000O0O
0000000000000 000000000000000 pbgO00OO0O0OPO
QUOO000OODOo0oDoOooOooooon

Complex multiplier 00 000000000000 Scaler 000000 OOOO
0000000000000 00000HighDOODOOODODOODOOOO Low O
O00000000D000000D000D000DOO0DOORounder-Carrier 00O
000000000000 0000D0000HIighODODOODODODOOOOO Low
ddddddoooooooooobbbbbbbooooobooooooooo
gdoddoouobbbbooboooooooooboobbbbboooonoooo
dooooooooooboooooooo

36 UOOO0OOO
361 0000

0343000000000000000000O000DO0O0O FFTOODOODOODO
0000000000 0000 »rO0 1600000000 Verilog-HDL ODOODO
000 Synopsys 00O Design Compiler 2003.6-SP1 0000000000 O0OO
gooddooobobbobooooooooooooooob oo oo
gboguoooooonooobooouooboboouooooooboooa
00000 VDEC[26) JOOO0 CMOS0.18um OO0 O0O0OD0O0OOOOOO
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ggobobooooboboooobobbooooboobood

OO000O00000ODO controller 00 0OO0OOOO0OODOODOOOODODOODOO
goooobboobbobobbbbooooooobbboooooooooboobooboon
O0O0Ocontroller 0000000 0OODOODOOODOODOODOODOOOOOODO
gobooooobbooooboooobooobbooobbooobboooboboooo
memory 00000000 8000000000 DODDODODOO0O1I0O0OO0ODOO
10000000000000000000 butterfly 00000 O0O00ODO 1000
ggobobooooboobooooobod

362 00000 O0O0OO0OODODOOOOOOO

OO0OFFTOOOOOOOOOOOODOODOODODODOD 36000000
oooooboobooooboooobOoboob FFTO0ODODOOOOOOD
oobooboooob 3.190boobooboboobobooboooboobooo

7 : : : : : :

area [mm”2]

0 s s s s s s
270 272 274 276 278 2710 272
digits (hex)

0319 FFTOOODODOODOODOODOODOOOO (r=16)

000028 000000000000000 3600000000000 700
ooooooDb 2r0000D0D0OD0O00000000000OO0 3000000o
00000000000000000000 3190000000 6.55mm? 000
O0ODO0OO0OODOIEEETM 0 64 000000000000 0O0ODOODOOO 1100
ooooobD s2Z0odb0booooboboooobobobooooboboooobooo



480 30 0O0O0OO0O0OO0O0OO (FastFourier Transform, FFT) 0O 00000000000 OOO

00016.0mm?> 0000000000000 00O000O0000OO0 2300000

00000 FFTOO000D000000064000000000000000 60%
Joo0oo0o00ooooo
00000000000000000000000000000 32000000

delay [ns]

0 a a a a a a
270 272 274 276 278 2710 272
digits (hex)

0320 FFTOOOODOODOOODOODOOODOOOO (r=16)

gobbooooboboobobooouobbooobboobboobboooooboo
28 0000000000 FFTOODOODOO0OO00000 763ns 00000000
OO0DO0b0e4000000DO0ODOUOOODOODODOOOODOODODO10.3ns O
0000000000000000000 26% 000000000000

363 OD00O0O0OO0OOOODOOOOOOO

OO0O00000 FFTOOOOOOOOOOOOoDOOobDOobODOooOooobooooo
gobooooobbooobbuooobbbooobobooobbooobboooo
goobooodobobuoooobobuooooboboooobbbooobLboooan

gbobobdoobbboooobboooobbooooboboooooobooboa
0000000000 000D000000000 Wallace Tree 00D OD0OO0OO
doooouooobbbbooodoodooououobbbbbooooooogooo
00000028 00000000 Wallace Tree 0000000000 00D0OO
OOob0o0oboobOooboobooboooboboooobooooobooo 3s000Db

oooo0obobooob0boo 4000000 boooboooboboooobo
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035 000000000000 000000 Wallace Tree 00000000

gogoboboooobbooobbooon

pipeline depth || areajmm?] | delay[ns]
1 0.25 4.56
2 0.29 2.63
3 0.30 2.06
4 0.31 1.60
) 0.35 1.55
6 0.39 1.54

OO000O0D0DO00OO0O0Wallace Tree 0000000000 OODOODOOOOOODO
ggobboodooobooobuooobboooobbooouobobooobboon
gooobooobooobooboooooobbooobooboboboooop400ooooD
000 Wallace Tree 000000000000 ODOOOOOOODOOODOOOODO

gogobooooooo

gobbobooodoobooooobobboooobboboooooboboboa
000000000000 0D0 FFTODODODODODODODODOODOOOODODO
gooo0ooO0oOoO0oOO0OO0OO0OOO0OOO0O0O0O0DO0OOOOOOOOO (DOODOOOO
0)00 3600000000000 LyygperyD L
(inv-)butterflyl] complex multiplier( scalerl rounder-carrier 000000000

gooo

cimu

0 L0 Le 000000

036 FFTOOOOODODOOOOODOOOOOOOO

Pipeline Lbutterﬂy Lemul | Lsel | Lac
Not optimized 9 7 2 4
Optimized 22 17 2 10

FFT000D0000000000000000000000000000000
DODO0OFFT 00000000000 Ty COOD0OO0OFFT 00R 00000
000 2, 00000000002.0000000000010000 0000
00000000000000000000000000 10000000000
O (Lpytterfly +7—1) 0000000 log, 20 0000000000000000



500 30 00000000 (Fast Fourier Transform, FFT) D0 D 0000000000000

Tfft 000 (3.3)00UOO0OFFTOODOOODOOODOOOOOOO

Ooobooobobooboobobbo0 2n000DO0ODOODOODODOODOO

Tyl 0O (3.32) 0000

Temul = Lemu + (2n—1) (3.32)
000000 20000000000DOO000DOO00 2nOOOOOOOoOO
ggooogno TSCIDD (3.33)DDDD

TSCI = LSC] + (2n — 1) (333)

000000000000000000000000 200000000000
0000 Tye OO (3.34) 0000

TI'C = ch(zn - ].) (334)
0 (3.31)0(3.32)0(3.33)0(3.34) DOOFFT 00000000000 Thpyyy 00

oobobooobooobbobiobobb 3000 Ty O0DO0DDOODOOODOODOO
000 100000000000000000 (3.37)o0ooo

Tttmul = 3Tt + Temul + Tsel + Trc (3.35)
= 3(Lbutterﬂy +n —1)logy 2n + Loy + (20 — 1) + Ly
+2n—1)+ Lyc(2n —1) (3.36)
= 3(Lyytterfly + 7 — 1)1ogyn + (2Lyc + 7)n
+ (3Lbutterﬂy + Lemul + Lgel = Lre = 3) (3.37)

0000000000 memory 0000000000000 000O0O (DDODOOO
O0000)00memory 000000000000 0OOOOOOOODOOOO
0000000000000 0ooo0oUoooooouoooo 337)oooO
oo

000000000000 FFTOODODODODOOODODODODOOODOO 3700
dooooooobbbboooooogouooobbboooooooooonoboon
OOFFTO0O0OO0O0000D000 1.89ns 000000ODOODOO

O0O00D000O0OFFTOO0O0O0O0O0ODOOOOOODODO (3.37)00028¥ 000
OO0D000000 5415630 0000000000000000 1.89ns 0000
0000000 1.02ms 00 0000D0O0DO0OODO0ODOOODOOODOODOO 442,7090
OO0000 763ns 00000 0O0O0OOOO 338ms 0000 O0OODOODOODOODO
OO0o0ooobooboboooboo 33 0b0boooboobobboboooDbo
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037 0000000000 O0ODOO0 FFTOOO00000000000000
0oooooo (n=2%)

module | arealmm?] | delay[ns]
complex mul 2.01 1.89
butterfly 2.98 1.81
inv-butterfly 3.06 1.81
scaler 0.02 1.26
rounder-carrier 0.38 1.74
memory 0.60 1.60

all 9.05 1.89

000000000000000000 655mm? 000000 3.700000
0000000000 905 mm?000000000000000000O000O000
038% 000000000000000000000000000000 200mm?
45| 00000000000000DO0OD0OLOUOUODOO 5% 00000000

364 000O0ODOO FFTODOODOOOO

000000002°0 (1000 390)00 28 00000000000000
0000000000000000000000002¥ 0000 FFTOOOOO
28 000000000000000000000000000 2¥ 0000000
0000 1.89ns DO OO

000000000000000000000CPUOOOOOOODOOOOOO
00 018um 00000000000 Intel O [46] O Pentium 4 1.7GHzO OS O
FreeBSD 540000000 geec 3.42000000000000000 512MB O
O0DOFFT OO0 FFTW 3.0100000FFTW [32] 0000000 FFTOOO
0000000000000000000000000 FFTOOOOOOO0O00O0
00 FFTOOOOOO0OO0OODOO0O0000000000000000 FFTOO0000
00000000000000000 FFTOOODOO0OO0O00000 3800000
00000000000000000000000000000000000000
O FFTW O 1,000 00 10,000 00 FFT OOOOOOODOO0OO0O0ODOOO0O0OOO
000000000000000 400000o0oo0ooo2500 2800000
197000 343000000 2.7000000000000



520 30 00000000 (Fast Fourier Transform, FFT) D0 D 0000000000000

365 O00OO0ODDOO0ODODOODODODOODDOODOO

O00000000000000O0Karatsuba 000000000000 00OO
000000000 exib[l6)] 0000000 FFTOOODODODOOOOO0OOOO
exflib 0000000 20050709 000000000000000000000DO0
0000000000 3210000

exflib 00000000 1.61 00000000 OKaratsuba 000000
Or'*®) 0000000000000 222 0000 FFTOOOOODOOOOO
D00000000000 exflib000000O 165500000

000022 000000000000 FFTOOO exflib00000000O0O
Karatsuba 0000000000000 3.600 22 0000000000000
0000000000000000 900000000 400000000000
0000000000000000000 FFTOODOOOOOO0OO0000000
000000000 3900000000000000000000000000
000 31000000000000 03900000000000 (3.37)000
221 00000000000000 197,134,081 0000000000 3.10000
000000 1.9ns 0000000.39s 000000022 00000 exflib 00
0000 165 00000000000000000 FFTOOOOOFFTOOO
Karatsuba 0 00000000 22 0000004200000000000000
000000000 FFTWOODO FFTOOO00D0000 13.9s00000000
FFTW 000000 3500000

038 O000O0O0OOOO0O0DODOOOOD FFTOOOODODOOOODODO

Digits || Soft[ms] | Hard[ms] || Soft/Hard
25 0.0917 0.0033 27.8
26 0.1242 0.0063 19.7
27 0.3924 0.0126 31.1
28 0.8854 0.0258 34.3
29 1.4930 0.0535 27.9
210 2.6840 0.1116 24.1
211 5.2400 0.2337 22.4
212 11 10.8000 0.4893 22.1
213 || 22.6200 1.0236 22.1




3.6 0000000

53

15 : : : : : ' '

T T
FFT multication with FFTW3 X

10

(log_2)
(e

time [s]

27N 276 278 2710 272 2714 2716 2718 2720 2722
digits (hex)

0321 FFTWOOO FFTOODOO exflib 000 KaratsubaOOODOOODO

039 n=22'0000 FFTOOOOODOOOOODODOOOOO

Pipeline || Lyyytterfly | Lemul | Lscl | Lac

Optimized 28 21 2 12

366 000 FFTOOODODODOOOOOOOOODOODDDODODOO
goon

0000000000 FFTODODOODOOODDOOODODOODODOODOODOO
obo00obO0o0obO0o0ob0o0obO0o0obOO0oO0obOoOobOOobObOooObOobDOooDbOooD
0000000000000000 DSPOO0OOODOOOODOOODOOODOOOD
0000000000000 000D000D0O000O0OOcomplex multiplierd scalerd
rounder-carrier 000000000000 O0DOOO0OOODOOODOOOOOOO
g00ooooOobOoobOobooooboUoboOobOoooOOoboOobooooDooboobooo
00000000 complex multiplier 0000000

032100022 000000FFTO0000exflib000000000O0O00O0
OOexflibOOOOOD00O Karatsuba OOOOOO0OO0O0ODOOOOODOOOOOO
O0DO00DO0O000OD FFTOOODO 32000000000 Karatsuba OO0



540 30 00000000 (Fast Fourier Transform, FFT) D0 D 0000000000000

0310 000000000000 00 FFTODOODO0OO00000000
0o0o00oooo (n=2%)

module | arealmm?] | delay[ns]
complex mul 3.79 1.96
butterfly 5.35 1.96
inv-butterfly 5.47 1.93
scaler 0.04 1.32
rounder-carrier 0.61 1.76
memory 0.84 1.63

all 16.1 1.96

[23]00000000000000D000UO0U0O0ODO0OD0O0O FFTOOOOO
O (butterflyd inv-butterflyd complex multiplier) 000000000000 0OO0
00000000000000000000032000 (1600 QSD)FFTDD
0000 (scaler O rounder-carrier 0000 000000) 0 0.15mm? 0000
000032000 Karatsuba OODOOOO0O00018m OODOOOOOOCOOOO
O0000000 0.10mm? 00000000032000000000FFT OO0
0 Karatsuba 0000 00000000000000000D0C0O000OO 22100
00000000 Karatsuba D00 O0O0OCOOCOOO0O0O0OODOOOCOOOOOO
OOo0o0o0oo0oooOooooOoFFTo0oboooob0ooooooooDoo
gogodooooooobbbobobooooooouoog

3.7 0O0o0o0oooooon

OO0DO000 FFTOOODOODOODOOODOODODODOOOODOOODOODOODOO
gobooooanon

3.7 00O0O0OOooo

0000 FFTOO0O0000000000000000000000000000
000 VLSIOOOOOOOOO0O0O00000000000 3220000000
0000000 VLSIOODOO0OO0O0O000000 I/0000 (I/0 pad) O 1/0
00 (I/Ocell) 000D0O0DOD0DD0D0000000O0 (VCCring) 000000
000 (GNDring) 00000000000 D000000000000 (Core) OO



3.7 0000000000 55

TTTILETY
------------ 8 /O pad
@[ PR R R R T R -
& [ - ARRRASY . I/0 cell
N N R B B
m [0 o el e VCCring
SN SIS S - .
—a [ B 1m+ ~—== GNDring
e N ARRAR e RERREIN - =
— .-------. B Core
IIITILL.

0322 000OO0OOO

oooooOoooooool/jooooo IJooooo0oooouoooooon
ggoooooobbobobooooooouooobobobbooooooooooon
oboobooobOoobuoobo0obOoFFToobOooboobDoobooDOon
0000000000000 00DoO0ooovLSIooooooooooooo
gogogobobooobobbotoooooooboobboodoooooobobooboobooboooa
oooooOobooooOobobooooobOoob0 leobbobOoboOobOoboboOobDOoD
000000000 FFTODOO 1600 20 x20000000 2000 16
000 FFTOOOOODOODOOODOO FFTOOOODOOODOODOODOOOODO
o00o0ob0o0oOo0o0obO0obOoO0oOo0oooOobDOo0o FFTOOODODODOOOOD
oooooobooob sillioboboooobooboooobooo

0311 00D0OD0OO0OO

0000000 | Synopsys O Apolloll 2000.2.3.4.0.9

ooooo Cadence O Dracula 4.9.05-2002
Layout editor Cadence O Virtuoso 5.0
Technology ooooo CMOS 0.18um
ggd Poly Si100O000O 50

OO0 2.8mm [




560 30 00000000 (Fast Fourier Transform, FFT) DO D 0000000000000

372 0O0ODOOOOO

O000 FFTODOODOOODO 1l6e0000000DO0OD0OODODOODOODOODOO
OOoOooo0ooobOo sg0b0obobb 1oobooboobobooobo200
OO0 FFTOODODODOOOODODOOoOOODOOoOobOoooboooooboboobooo
OO0 Ss0000b00000Db0000DbDbUOo0OUObObObOUOUD 10DbOO0OO
OO00bO0000 342000000000FFTODOOODOODOOODODOOODO
OO000O0000bO0bO0obOOoobObDlebO 200 FFTOODOOOOFF x
FFrOOOODODOOOODODODODOOODOODOODODODOOODODODODOoODOOoOoDOoDOo
goboooobbdooobbuooobobbooobbooobboobboooo
gobobooodboobuoooobobouoooboobooobooboo

373 1600200 16000 FFTOOODOODO

1600 200 FFTOODOOOO0ODOOOOOOODOOOOOOOD 3120000
000 memory O controller 000 FFTOOOOODDDOO 1.40mm?2 0000

0312 200 16000 FFTOOODOOO

00000 00 [mm?|
complex multiplier | 0.24
butterfly 0.36
inv-butterfly 0.37
scaler 0.01
rounder carrier 0.04
controller 0.32
memory 0.06
all 1.40

goooooooooobbbbooodooouoobobbbboooooooooo
gooboogod



3.7 0000000000
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3.74 VLSIODODOOODOO

O0000bO0o0DO00D FFTOOOODOODODOODODDOODODOODODOO
32300000000000000000000 VLSIOOO 20% 00000 1.56

A

0323 FFTOOOO VLSIOOOOOO

mm?000000000160000 FFTOOOO 28mm 0000000000
goooog

375 0000

032400000 VLSIOOOOO 3230000000FFT 00000000
O00000000000000 I)O00000000N00D00N0n VLSIoOoO
0000000000000 DOODODOODDDDO0O0D0D [J00000000on
00000000000000 VLSIOOODOO00000000000000000
0000 3.25,0000000000160000 FFTOOOOOODODOOOOOO
ooooooooooooo

0365000000222'0000000 FFTOOOOOOO 16.1 mm? 000
0000000000000 00D000000nD VLSIDODOD 20% 0000000



580 30 O0O0OO0D0O00ODOO (FastFourier Transform, FFT) DO D 00000000 DO0OOOO

0324 0O00O0OOOO

HDL4KO3A

iy ERRERET AN IRINENNNnARIInN

e YN VENEFRNNRNAN TNy

0325 0000 VLSI(0)O0O0O0D0O0000000000 (D)

000000 8% 0000 640mm? 00000000000 0000OO0 80mm?
0000009mm 0000 VILSIOOOOOOOOOOOODODOO0O00000000
000000 FFTOOODODOO0O00D09mm 00000000 VLSIOOOOOO
00000000000000 VLSIoOOO0O0OO0O0oO0o0o00o0oo0oo0ooooo

0000 20% 00000000009mm 0000000000000 0OOOOO
gooboboooon



3.8 000000
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3.6 000000

O0000FFTODODODODODODODODODODODODODODODODO
ggoobooooooo

381 FFTOODDOODOOODOOOODOO

o00o00o0oOo0O0o0oOoU0OoUoFFTOODODODODODODODODODO
goobooooboboooboboooboboonbooooboboooboboon
yjodddododdddrub pnUUUUUUUU0ODUUUUUUUUOOO
gooobboboooooooooboobbbbooooouooobooboooonon
000000000000 1600 280000000 FFTOOOOOOOOOO
0000000000000000 7.63ns0 655mm? 000000000000
IEEE754 64 0000000000000 0O0O0ODO0O0ODO0ODO0OODO FFTOODOO
00000000000000 103ns 0 16.0mm? 00000000000000
0000000000000 00o0o00o0oo00 26%0000 60% 0000 FFT
gogobobooooobooooon

382 FFTOODOODODOODOOOOO

0000 FFTODOOODOODOOOOOOODOODOODOODOODOO
00000000 FFTOOOODODOODOOO 1.89ns 00D ODOODOO 1600
28 00000 100000000000000 541,563 00000000000
00000 1.02ms O0OODOO0OOOODOOODOODOOODOODOOODOO FFTOODO
0100000b0b0o0oobobooonD s38ms Ugonooooooboooooo
obooooboooobOo330oboboboOo FFTOOODOODOODOOOOD
000000000000 FFTOOOO0O000 9.05mm? 00000000000
00000000 5% 0000000

383 00O0OOODO FFTOODDOODOO

000000000 FFTOOOOO0OOOO0O00000000000000000
000000 FFTOOOOOOO0OO0O000000000 Pentium 4 1.7GHz OO
00000 FFTOOOOOOOOOO0O0O FFTWOOOOOO0OO0OO00Ooooo0o
000 FFTOODOOO0OO0O000000000000 1600 22000 2800



600 30 O0O00D0O00DO0O (Fast Fourier Transform, FFT) DO D 0000000000000

ODoOO0000019.7000 3430000000 2r00000000000O0O0OO

384 0O0O0OD00ODO Karatsuba OO DOODOODOO

FFT OO0O0OOKaratsuba 000000000000 1600 2210 (10000
25200)000000000000000000000 Karatsuba 00 (exflib) O
FFTOOOOOOOOO0O0OO0O0000000022' 0000000000 FFTOO
000000000000000000 FFTOOOO0O00000 0.39s0exflib00
000000 165s000000000000000000 FFTOOOOexflibO
0000 420000000000000000000000000000 FFTW
000 FFTOOOO0ODOO0OO0O 13.9s00000000 FFTWOOOOOO 350
oooo

385 00O FFTOOOOOOOOOOOOODODODODODODODODOO
good

FFTOOOOOO (butterflyd inv-butterflyl) complex multiplier) 0000 OO
OO0000DO000O0O00bO0o0ooO00oO0obOo0oDOOoooOOobOoOODOoooOgn FFT
0000 32000000000 Karatsuba 000 [23]000000000000
0000032000 (1600 220)FFT 000000 (scaler O rounder-carrier
D000000000)0 015mm?2 0000000032000 Karatsuba 000
00000018um 000000000000 000000000 0.10mm? 000
O0000032000000000FFTOO00 Karatsuba OO0OD0OO00OOO
0000000000000 000000000000FFTODO0ODO0ODO0ODOOD
goboboooobobboooobboooobobbooobobobboooobooboo

3.6 0O0OOOO

00001600 200 16000 FFTOOOODODODOOOOODOOODOODOO
OOoo0Oobo28mm 0000000000 O0OOCOOO0OOOOOOOOOOOOODOO
00001600 22 0000000 FFTOOOOO 9mm 0000000000
goboboooobobobooooooo
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1 4 [

Karatsuba O OO OO0 O OOOO
HREREREEERE

O000OD0OKaratsuba OO0 OOO0OO00OD0OOO0ODOOO0ODOOOOODOOOODOO
gogoobooooooogad

410 Karatsuba OOOODOOODOO0ODODOOOODOOOOOODODOOOODOOO

420 KaratsubaOOOODOOOODOOODOODOOOOO

430 KaratsubaOODOOOOOOODOOODOODOODOOOOO

440 000 100000000 Recursive Karatsuba OO0O0O0OOO0OO0O0O

Ooooooooon

0450 0 44000000000000000 100000000 TIterative
Karatsuba 0000000000000 OOODOOO0O

0460 0O0D0ODOOODOOOO

O O O O

4.1 Karatsuba 00O 0O0O0OOODOOOOOOOOO

0000 2-way 00000 O0D0O0O Karatsuba D00 00O000O0OOO2-way
D000 Karatsuba 00002 00000 OMRY®®) 0000000000000
Karatsuba 0000000 3-wayld4-wayld--- 000000000 0002-way O
O0000000000000000000000000000000000000
000000D00000000

Karatsuba 000 0000000000000 000000000000
O00000000000000000000000000000 2000000
Do0000DO0O0o0o0o0o0
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040 Karatsuba OOOOO0O0O000000O0O00O0O

Karatsuba 0000000000000 D0OOO0ODOOCO0ODOOOODOOOOOOO
0000 (Galois FieldOGF) 0000000000000 0ODO0O0OOOOOO
6,20000000000000000000000 KaratsubaOOOODOOODO
O0000000000000003200000 KaratsubaOOOOOOOOOO
00 [23]000000000000000000000 Karatsuba 0000000
gooooooboboobboooobooooboooobobooobobooon
0 Karatsuba 00 000000000000 OOOOOOODOOOO

47?2 Karatsuba OO O OOGOGOO

Karatsuba 0000 0000000000O0COOOO0ADOD BOOOOO 2n000
gooboooooobooooboboooooo

A= (112n “+ ag (41)
B = ;2" + by (4.2)

O00D0D00O0ODAD BOO POODODOODODOO

P=A-B= (a12” +a0) . (b12n +b0)
= a1 -b122”—|—(a1 ~bo+a0'b1)2”—|—a0~b0 (43)

oodo
al-b0+a0~b1:(a1+a0)-(b1+b0)—(a1-b1+a0~bo) (44)

000000000000 (43)00000000000000O00O0

P =ay-b2*"
+ ((a1 + ao) . (bl + bo) — (a1 -b1 +ap - bo))?n
+ ag - bo (45)

0000000 (4.3)00 n000000 ay-bi0ay-bgOag-bi0ag-bp O 40000
000300000000 (4500000000 ay-b:0(a; +ag) - (by + by)0
ap-bp 0 30000000 600000000000000000000000 3
00000000 n00000000D 10000000

Karatsuba 0000 (4.5) 00000 3000000000000000000
000000000000000000000000000000(n?) 00000
00000000 O(n'5®) (log,3~1.58) 00000000000000000O0
D0000000000000 1000000000000000



4.3 000000
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43 0OO0ODOOO
Karatsuba 00000000000000000000

1. 0000000000000000000000000 (0 4.1)
2. 0000000000 (0000000)0000000000000000
000 (O 4.2)

O 2000000000000 DOODODOODODOODOOOODOOO RKM

+2n +2n
|

.
jecoeee

2n

Y 4n

0 4.1 Recursive Karatsuba multiplier (RKM) 00O

Y 2n + 2n

controller

memory module

i v]
v

S 4n

—

0 4.2 TIterative Karatsuba multiplier (IKM) 00O

(Recursive Karatsuba Multiplier) D0 000000000000 IKM (Iterative
Karatsuba Multiplier) 0 00O
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040 Karatsuba OOOOO0O0O000000O0O00O0O

RKM 000000Karatsuba 0000000000000000000000
000000000000000000000000000000 Wallace Tree
Multiplier (WTM) 0000000000000 O(n?) 00 ORYM®) 00000
00000000000000000000000000000000000000
00 Karatsuba 00000 O(n'5®) 00000000000000O00O0OOO
O0000000000000000000000 WIMOOOOOOO RKMO
00000000000000000000000000000000000000
000000000

0000000000000000000000000D0D0D0DDDOOOOO
O000000000000IKMODODOOOO0000000IKMOOODOOOO
0000000000000000000000000000 O(n?) 00 O(n'°®)
000000000000IKMOO0ODO0D000000000000000000
00000000000000000000000000000000000000
0000000000000000000000000 RKMO WIMOOODOO
0000000000000000000000000000RKMO IKMOOO
0041000000

0 4.1 RKM (Recursive Karatsuba Multiplier) O IKM (Iterative Karatsuba
Multiplier) 000 (fOO0DO0DDOODO)

| oooo oo oooo oooo
RKM | 0000000 O O(ogn) 0000000000
IKM ooog oot On®) DoooooO0

OO000000OD0ODODOOoOOOO0O00U0OoOoOoRKM O IKM ODDODDODOO
Karatsuba 000000000000 DOOODOOOOOODOOOODO VLSIODOO
dooobooooobooogon

44 000O0O0O0ODDOO0O Karatsuba OO O (Recursive
Karatsuba Multiplier, RKM)
DOOO0ORKMOOO0D00000000000Karatsuba 0000000

00000000 320000 RKMOODOOOOO [23]000000000000O
RKMOOOOO0OODODOOOODOO
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[ a: : Ao | A

0 4.3 Carry-Save RKM 0 OO

441 32000 RKM

oo

0450000000 RKMOOOOO 430000RKM OOOOOOOO
o0 wIMOOODOOOOOoDOoooooobooooooowrMboooooo
00000000 16000000 0WTMOODODODODODODODODOOOO0OCSA
(Carry Save Adder) 000 0OCSAOO0OOOODOOOOOOOOOOOOOO
ggoboobooobobtooooobbboooboboooobbuooooboobooboo
00000000O00oO0Oo0 CPA (Carry Propagation Adder) 00000000



040 Karatsuba OOOOO0O0O000000O0O00O0O

00 Carry-Save RKM OO OOOOO0OO0O0OO0O0O0O0O0O0 CPAOOO RKM OO
00000000 44000000000 Binary RKMOOOOOOORKM OO

Low

O 44 Binary RKM OO0O

0000 WTM O CPA O0Synopsys 000000 IP (Intellectual Property) O
0 0ODWO02_mult0DWO01_add (DWO01_sub) 00000000000 0OCSA O CPA
O00D000000D000 AOOoOO

goooogad

0000 Carry-Save RKM O Binary-RKM O Verilog-HDL O 0O 0O O O Design
Compiler Ver. W-2004.12-SP2 0000000000000 0ODOOO0ODOOOOO
gobooooobobboodoobobuooobobobouooobbobooobobooon
OO0 0.18um OO0OO0OO0OODOODOODOOODOODOODOODOOOOODOODODOD
OO0O0000obo0obOobobo0obooboobobooob 420000

000000 230000000000 Carry-Save RKM 0000 ROHM 00O
OO00D0O0O0 035m OOODOOD0O0OODOOODODOOODODODOODODOO
bbb ouoooooobouooooo
23000000000 43000000

042000000000000 CSAOOOOOOOOOOOOODOO 22% 00



44 0000000000 Karatsuba 000 (Recursive Karatsuba Multiplier, RKM) 67

0 4.2 HITACHI 0.18uym 00OO0D0OD0OO0O 32000 RKMOUOOOO (DOOO)
| delay[ns] area[mm?]
Binary RKM ‘ 12.03 0.216

Carry-Save RKM 9.44 0.228

043 ROHM 0.35ym 000000000 32000 RKMOOOOO (DO0OOOO)
| delay[ns] area[mm?]
Carry-Save RKM ‘ 8.95 0.741

Ref.[23] 7.70 0.580

000000000000000000000 6% 000000000O000O0O0
00000 CarrySave 000000000000 ODOOOOODODOOODOOOO 2
ggoboboooobuooobboobbooobobboooobboooboboon
O00O000O00ooO0oo0 RKMODODOOOOOOODOOODOOOOOOOD
goobooobbobbbooobbboobooobbbooooboobbboo
gogodoboboobobodoooooooobboboodoooooobbobbooooa
0000000000000 00o0ooDo0 CSAOO0O0O0O0DO0ODOOooooOn
0000 4300000000 Carry-Save RKMOOOO [23)]0000000
RKM OOODOODOOODOO 11600000 128000000000000D0
0000000 230000000 CPAD 2000000 3000000000
oo0oOoooOooOooOoOoooOo IpO0O0OOO0OOOOOOO0ODOOODOOODOO

442 RKMOOOO

000000000 ooo RKMOOOOOO

0o
0oooooo 2*=2nDO00RKM OOOOO0OO0 WIMOOOOODO 200
O000D00D000 A—!0000000D00k0lI(0<I<k)DO00DOO0DOO
0000 32000 RKMOODOOOODOOO 16000 WIMODODOOOOOO
O00000k=500l=4000000000000000

000000 RKMOOODDOODOOOOOOODODO0OODO 300000000
0ooO0O0ODO0OO0000O0O
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040 Karatsuba OOOOO0O0O000000O0O00O0O

e IOIOOOODOODO Carry Save (CS) 00000 CPAUIOOO Binary
(B)JoOOO0OO0oOO0ooO0oooooooOoo

e CPAODDOODDOODDOODO

e 20000 WIMDODOOOOOOOOO

OD000000000O00 RKMOOOOOODOOODOOODOOOODODO
DooooooooooO T (Topmost)O I (Intermediate) 0 U (Undermost) O O
0000000000000 IoDvuooogoooooooo cSoooooooo
0 (IesOUes) 00B 000000000 (I,0U,)0 200000000000
0000 esObO0OD0O000O0O0DOO0ODCSOO0O0ODOOO0ODOOO0OOO UODOO
000 (Ueg) 00 CSOODDDD0000 BOOODODOOOOO WIM OO
O00000DCPADUODODOODDOOUODOODOODOD 50000000000
OO000000D0O0OO0000DbO 4504604.704.80490000000000
00000 VOOOOOoOOoOOo (45 000000000000000000O0O0
OO00obO0obOO0oO0bO0oO0oOobOooObo0obOOoobOobooovoboobooooo
000 000 KaratsubaCS O KaratsubaB 0000000000000 440
OO00000DO00DbOO0O0ODO0DObO0DbO0b0bD10b000DbOOoO0TDOOODODOD

044 O00O0OODOOODOOOCOOOODO

number of recursions | 1 > 2
KaratsubaCS Ues  Ies
KaratsubaB Up Iy,

KaratsubaCS 0 Karatsuba BOODODOO Ues O Uy 00D000DOOO0O0ODOO0
O0O000D0O0000 430 RKMOOOOOOD2000000000TOOOO
000 KaratsubaCS O Karatsuba BODOOODO Ieg O IbDDDDDDDDDD
O0Ics O Iy 00 KaratsubaCS O KaratsubaB 00000 Ues O Uy 0000
googo
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I a do IA nnnnnn
bi i by |B "=t

— 1
I 34

KratsubaB

045 TOOO



040 KaratsubaOOOOOOOODOOOODOOOO

,T_

KratsubaCS KratsubaCS KratsubaCS

046 IcsO0O0O

KratsubaCS KratsubaB KratsubaB

047 I, 000
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C:S'I_I 1 1

048 UesOODO

049 U,000



040 Karatsuba OOOOO0O0O000000O0O00O0O

000000000

000000 RKMOOOOOOOO0O0000000000000000000
00000000000000000000000000000000000000
0000000000000 RKMOOOOOOOO0O00000000000000
0 4.504.604.704.804900000 RKMOOOOOOOOOOOO0O00000O
0 (4.6)000 (4.12)00 (4.13) 000 (417)000000000000

DT(k) = MAX(DT(k)0DT" (k) (4.6)
DT%(k) = Dles(k — 1) + 4 - Desa(k) + Depa(k — 1) + Depa(k) - (4.7)
DT*(k) = DIy (k — 1) + 2 - Dopa(k — 1) + Dopa (k) (4.8)
DIcs(j) = Dles(j —1) + 2 Dcsa(j — 1) +6 - Dosa () (4.9)
DI,(j) = DIes(j —1) +6- Dcsa(j) (4.10)
DU.(1) = Dopa(l) + Dy () (4.11)
DUL(1) = Dy (1) (4.12)

AT(k) = Al(k —1) +2- AL(k — 1)+ 9 - Agsa(k) +2- Acpa(k — 1)

+ Acpa (k) (4.13)
Ales(j) =3+ Ales(j — 1) +4- Acsa(f — 1) +9 - Acsa()) (4.14)
AL (j) = Ales(j — 1) +2- AL(j — 1) +9- Acsa(j) (4.15)
AUcs(l) =2 - Acpa(l) + Aw (1) (4.16)
AT (1) = Ay (1) (4.17)

0000DT(k) 0 AT(k) 0 2000 RKM O0ODOO0O00O00000000
00 DIegpy(f) O Al (/) 0 1000000000000000000
DUyegoby() O AUpego1,y() 0 U0D0000000000000000000
0000D000000<1<j<kDOOO0ODesa(i) 0 Depa(k) 0000000
20000 CSAD 2000 CPAODOODOOOOOOODDDOD Acsa(i) O
Acpa(k) 0 2000 CSAD 2000 CPAOOOOOOOOOOO:OOOO
0000Dw(l) 0 Aw() 0 22000 WIMOOOOOOOOOOODOOO000O
00j—-1=/000000000000000000UO0000000000000
DI (1) = DUy(1)O AlLy(l) = AUn(1) 00O O

TOOO0OO0DO0O0OO0OO0O0OO0O0O0000000 4500000 qO000 0000
00000VOOO0OO0O0O0000000 q00400 CPAODODOOOOOOOO
0r0100 CPAOODOOODOD q00000000000000000000
000000 q0 r000000UD000000000000000000000
00000000 q0 r000000CSAD 40000000CPAD 10000
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0000000000000CSA400000000 CPA1000000000
000000000 ¢00000000000000000000000 r000
0000000000CSAODO00O0O0OOOO000000000CPAOOOOO
000000000000000000000000 (47)0(48) 00000 qOr
0000000000 DTY(k) 0 DI*(k) 00000 (46)0000000000
00000000000I0UD0000000000000000 TOIOU OO
00000000000000000 10000000000000

Doooooo

0 (46)00 (417)000002°000 (5b12000)000 RKM OODOO
000000000000000000D00016000 WIM (I =4)000
0000001600000000000000000000 Dw(2%) =4.15ns O
Aw(2Y) =0.054mm? 000000000000 0000000000000 4.4.1
000000000000 018um 0000000000 0000D0ODODOODOOO
00000000000000000000000000000000000000
000

CPAOOODDOODOOOOSynopsys 0000000000000 D0O0O0O000O
(DW0l.add) 000000000000 00D0D0O00DO0O0DOO00OOO CLA (Carry
Lookahead Adder) 00O O0O0O0ODO 45000000

0 4.5 CPA (DW0l.add) 0000000000
bit length | 2¢ 27 96 97T 98 99
delay [ns] | 1.38 1.82 231 3.02 397 521
area [mm?] | 0.006 0.012 0.026 0.057 0.126 0.275

CSAOO0D0DDDDDOOO0O0OO016000000000.27ns 0 0.004mm? 000
OoCSAOO0OO0OU0000ODDODOOU0000ODDOOOO0O00DOoOooDoDoOoOoOOOn
ggoboboooobobooooboboooooo

0000000000000022 00000 22000000 RKMOOOO
000oddd0oooogogoboboDbD 460000DDDDODDDODDO 47O
Synopsys 00 000000000000 0000O0O (DW02.mult) 0000000
OO00ooooOo RKMOOODOOOO

00000O0o0O0bO0bO0bOO0o0bO0oDOO0bO0oDOoDO0obObOOnO 41000 4.11
00000000000 .00 20000000000000O0ODOODOODO 4.10



74 040 Karatsuba OOOOO0O0O000000O0O00O0O

046 RKMOOOOOOOOO
bit length | 2° 26 97 98 99
9.81 13.37 16.95 2121  26.24
0270 0.972 3.275 10.602 33.469

delay [ns]

area [mm?]

047 wIMOOOOOOOOOO

bit length | 2¢ 27 26 27
415 544 690  8.09
0.054 0.184 0.675 2.574

delay [ns]

area [mm?]

Oy0O0O200000000000004110y0000000O00O00ODO

2™ 275 2"6 2N7 2"8 29 2M0
bit

04.10 RKM OOOOODOOOO

00000000000000000000000 4600020000 RKM O
D00000000000000000 13.37ns 0 0.972mm? 00000000
0000020000 RKM O Verilog-HDL 00 000000000000 0OO0
00000000000000000 14.14ns0 0864 mm? 0000000000
gobooooobobbtbooobbdooouobboooobbooooobobooon
gboboogobobobobobooobbooobboooobbooobbooon
gobbooooboboooobbooon
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30

25

delay [ns]
- N
o1 o

—_
o

(&)}

0 i i i i i
2N 2"5 2"6 2N7 28 2"9 2M0
bit

0411 wIMOOOODOQOOOO

O0O0ORKM O WIMOOOOOODOOO0OOO0O0OD0ODO0O00 4100000
RKM 0000000000000 O0D0D0DOO Karatsuba 00000000000
00 Or!**) 0000 1.7300000000000000 CPAO CSAOOOO
000000000000000000000 (4.13)000 (4.17)00000CPA
0CSADOODOD 00DD0000000D0DDODODOOO0OO0000D0DODDODO 1.580
O000OWIM O0O0O0O00000000000000000000 1.9000000
0000000000 O(r?)00000000000000000 WTM O RKM
00000000000 2°000000000 WIMO RKMOOODOOOOOO
000000 RKMOODODO WIMOODODODODOOO0OOOODOOODODO0ODO00000
000000000000000000000 30mm? 000000000000
000000000 O(logn) 000000 411000000000 RKMOOO
000000000000000 WIMOOOOOO

0000D00000000000000000000D0D0000 WIMOOOO
0000000000000000002°00000000RKM 0000000
D000000000000000000000RKMO WIMOOODOO 2°00
000000 30mm? 00000000000000000000WTM OOOO
0000000000000000000000000000000000000
Karatsuba 000000000000 IKMOOO0O0O0O0OODOOO0OO0OO000000
WIMOO0O0O0O00OODDO0D000000 IKMOO0OO000D0000000000



040 Karatsuba OOOOO0O0O000000O0O00O0O

45 0000000 Karatsuba OO0 (Iterative
Karatsuba Multiplier, IKM)

000000000000 000000000 IKMOOO0ODODODOOKaratsuba
000000000000 200000000000 IKMOODODOOODOODO
gobboooobobuoodoobbuooobobbuooobobobboooooo

451 0O0O0O0O

0000000000 Karatsuba OOOOOOODOOOOOOODO 600000
00000000000 nOO0O0Karatsuba OOOO0OD0OOOOOO 20000
04000 IKMOOOODOODOOeOD0O00O0DOO00ODOOO

4n 000000 AOUOODO BOOOOODODODUOOOO nOOO0OODO 40000
goo

A =a32%" + a22*" + a12" + ag (4.18)
B = b323" 4 552%™ 4 512" + by (4.19)

O00A0O BOO POOOOODOOOO

P — p727n + p6267’l _|_ p525n + p424n +p323n +p222n +p12n _|_ pO (420)

0ooQg
Al == a32” + a9 (421)
AO = a12" + ag (422)
By = b32™ + by (4.23)
By = b12" + by (4.24)
ooooQg
A= A.22" + A (4.25)
B = B12*" + By (4.26)
00000 POOOOOOOOOO
P =AB (4.27)

= A1 B12"" + (A19Bio — A1 By — AgBo)2*" + Ao By (4.28)
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0ooo
A10 = A1 + AO (429)
Bio = B1 + By (4.30)

D0000000000000 20000000000000000000000
00000000000 (428) 00000 AyB10 AgBy0 A1gByy 0000000
0000000000000

AlBl = (a32" -+ ag)(b32" -+ b2)

= a3b32?™ + (a3zb3y — asbs — a2b2)2" + asby (4.31)
AoBo = (a12" + ag)(b12™ 4 by)
= a1012°" + (a10b10 — a1b1 — aghg)2" + agby (4.32)
A10B1o = (a312" + a20)(b312" + b2o)
= ag1b3,2*"
+ (@3120b3120 — a31b31 — azob20)2"
+ az20b20 (4.33)
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0411 R2IKM O PPGOOOOOOOOOOOO

Multiplierl Adderl Adder2
Step | Input Input Output Input  Output | Input Output
1 ap, bo — — — — - -
2 ai, bl aop, bo — — — — -
3 ag,bz al,b1 — ai, aop - blabO -
4 as, b3 az, ba — az, ag aio b2, bo bio
5 - as, bz — as, ai az20 bz, b1 b20
6 — a1o, b1o — as, az as1 bs, b2 b31
7 - a20, b2o — az0, 31 as2 b2o, b31 b3z
8 - as1, ba1 aobo (= pp0) - (2031 - b2031
9 — asz2, baa a1b:1 (= ppl) - - - -
10 — @2031, b2031 azbz (= pp2) - - - o
e - agbs (= pp3) - - - -
12 - - a10b10(= pp4) - - - -
13 — — a20b20 (= pp5) — — — —
14 — — a31bg1(2 ppﬁ) — — — —
15 — — as2 532 (: pp7) — — — —
16 - - a2031b2031 (= pp8) — — _ _

0Doooooooo
ACCO CPOOOOOOOOOOOOD PPGO ACCOOOOOOOOOOO
000000000000000ACCO PPGO 800000000000000
00000 pp0 000000000000000000000000000000
O0DACCOOO00000DDO0000O00000000000000 p3 0000
00 p30 ACCO 1700000000000000p000 p200000000
00 CPOO0O0O0O0O0OO0OOOOO00000O00OOO POOO A0 OOO BOO
000 ap 0 bp 0000000000 (81)+(17-1)+4=27 00000000000
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0412 R2AKM O ACCOOO0O0D000O0O0D00 (1/2)

Adder-Subtracterl

Adder-Subtracter2

Step | Input Input Output Input Output
1 ppO - - - -
2 ppl pO,ppOL - pl,ppOL -
3 pp2 | pl,ppOH  pO+ppOL | p2,ppOH  pl-ppOL
4 pp3 pl,ppllL.  pl+ppOH | p2,pplL  p2-ppOH
5 pp4 | p2,pplH  pl-pplL | p3,pplH  p2+pplL
6 pPpP5 p2,pp2L  p2-pplH | p3,pp2L  p3+pplH
7 pp6 | p3,pp2H  p2-pp2L. | p4,pp2H  p3+pp2L
8 pp7 p3,pp3L.  p3-pp2H | p4,pp3L  p4d+pp2H
9 pp8 | p4,pp3H  p3+pp3L | p5,pp3H  p4-pp3L
10 - pl,pp4l  pd4+pp3H | p3,pp4L p5-pp3H
11 - p2,pp5L pl+pp4L p3,pp5L p3-pp4L.
12 - p3,pp5H  p2+ppSL | p4,pp5H  p3-ppSL
13 - p3,pp6L  p3+pp5H | p4,pp6L p4-pp5H
14 - p4,pp6H p3-pp6L p5,pp6H  p4+pp6L
15 - p3,pp7L  p4-pp6H | p5,pp7L  p5+pp6H
16 - p3,pp8L p3-pp7L p4,pp8H  p5+pp7L
17 - - p3+pp8L - p4+pp8H
0413 R2AIKM O ACCOOO0DOOOOOOOO0 (2/2)

Adder-Subtracter3

Adder-Subtracter4

Step | Input Input Output Input Output
1 pp0 — — — —
2 ppl | p2,ppOL - 3, ppOL -
3 pp2 | p3,ppOH  p2 — ppOL | p4,ppOH  p3 + ppOL
4 pp3 | p3,pplL  p3 —ppOH | p4,pplL  p4 + ppOH
5 pp4d | p4,pplH  p3 + pplL | p5,pplH p4 — pplL
6 pp5 | p4,pp2L  pd +pplH | p5,pp2L  p5 — pplH
7 pp6 | p5,pp2H  p3 + pp2L | p6,pp2H pd — pp2H
8 pp7 | p5,pp3L  p5+ pp2H | p6,pp3L  p6 — pp2H
9 pp8 | p6,pp3H  p5 — pp3L | p7,pp3H  p6 + pp3L
10 — p2,ppdH  p6 — pp3H | p4,ppdH p7 + pp3H
11 - — p2 + pp4dH — p4d — pp4dH
12 — — — — —
13 - - — - -
14 - — — — —
15 — | p4,ppTH - p6, pp7H -
16 — — p4 — ppTH - p6 + pp7H
17 - - - - -
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Number of Recursions

Bit length 8 16 32 64 128 256 512 1024
Basic bit length 4 8 16 32 64 128 256 512
| Delay [ns] | 200 220 239 28 294 326 - - |
1 Area [mm?] 0.13 019 039 0.92 1.98  5.35 - -
Time [ns] 28.00 30.80 33.46 39.48 41.16 45.64 - -
Power [mW]| 16.28 26.39 56.27 161.2 398.2 1293 - -
Basic bit length 2 4 8 16 32 64 128 256
| Delay [ns] | - 236 261 285 3.08 336 365 - |
2 Area [mm?] - 0.32 046 075 143 281 691 -
Time [ns] - 63.72 70.47 76.95 83.16 90.72 98.55 -
Power [mW] - 34.09 58.60 97.88 2204 529.7 1530 -
Basic bit length 1 2 4 8 16 32 64 128
| Delay[ns] | - - 311 315 330 359 3.94 448 |
3 Area [mm?] - - 0.87 1.18 177 291 5.23 10.9
Time [ns] - - 245.7 2489 260.1 283.6 311.3 353.9
Power [mW] - - 85.40 118.6 179.6 329.6 705.7 1874
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0000000000000000000exfAib[16] 0000 Karatsuba O 0O
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D.1 RI1IKM

D.1.1 PPG

0O D.1 RIIKMO PPGUOOOOOOOOOODOO

Multiplier1l Adderl Adder2
hlineStep | Input | Input Output Input Output | Input Output
2 ai,b1 | ao,bo - - - - -
3 — CLl,bl — ai, ag — bl,bo —
4 — | a10,b10 - - aio - bio
5 _ _ _ _ _ _ _
6 _ _ _ _ _ _ _
7 _ _ _ _ _ _ _
8 - - aobo(=pp0) | - - - -
9 - - a1b1 (= ppl) - - - -
10 - - aiobio(=pp2) | — - - -
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00D RIIKMO RIIKMOOOO PPGO ACCOODOOOOOOO

D.1.2 ACC

0D.2 RIKMO ACCOOO0OO0O0D0O0O0O00 (1/2)

Adder-Subtracterl

Adder-Subtracter2

Step | Input Input Output Input Output
1 pp0 — — — —
2 | ppl | p0,ppOL - pl, ppOL -
3 pp2 | pl,ppOH  p0 + ppOL | p2,pplL  pl — ppOL
4 — pl,pplL  pl + ppOH | p2,pplH  p2 + ppOL
5 — pl,pplL  pl —pplL | p2,pplH p2 — pplH
6 — — pl + pp2LL — p2 + pp2H

0D.3 RIKMO ACCOOOO0O0O0O00000O0 (2/2)

Adder-Subtracter3

Adder-Subtracter4

Step | Input | Input Output | Input Output
1 pp0 - - - -
ppl | p2,ppO0H - - -
pp2 | p3,pplH p2—ppOH | — -
— — p3 + pplH — —

O U = W N
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D2 R3IKMOOOOOOOOO

D.2.1 PPG

0 D4 R3IKMO PPGOOOODOOOOOOO (1/2)

Multiplierl

Step | Input Input Output
1 agp, b() — -
2 ai, bl aop, bO -
3 | a2,bs ar, by -
4 as, b3 as, b2 -
5 | as,by as, bs -
6 | as,bs a4, by -
7 | ae,be as, bs -
8 ar, b7 ag, b6 aobo(: pp())
9 - ar, by a1bi (= ppl)
10 - a1, bio azba (= pp2)
11 - a0, bao azbs(= pp3)
12 — asy, b3y asbs(= pp4)
13 - asz, bz asbs (= pp5)
14 — a40, bao agbs (= ppb)
15 - asi, bs1 arbz (= pp7)
16 - as4, bsa a10b10(= pp8)
17 - ae2, b2 az0b20(= pp9)
18 — aeg4 ., b64 CL31()31(: pplO)
19 — ars, brs azabsa (= ppll)
20 — ars, brs asobao (= pp12)
21 - are, bre as1bs1 (= ppl3)
22 - a3120, b3120 as4bs4(= ppl4)
23 - 5140, b5140 ag2be2 (= ppl5)
24 - 6240, b240 agabes (= ppl6)
25 - ar3s1, brast ar3br3(= pplT)
26 - a7362, b7362 arsbrs (= ppl8)
27 - a7564, b7564 arebre (= pp19)
28 — | 73516240, b73516240 az120b3120 (= pp20
29 — — as140b5140 (= pp21
30 - — as240b6240 (= PP22
31 = — ar3s1b7351(= pp23
32 — — ar362b7362 (= pp24
33 — — ars64brs64(= PP25
34 — - ar3516240b73516240 (= PP26)
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0 D5 RIIKMO PPGUOOOOOOOODOO (2/2)

Adderl Adder2
Step | Input Input Output Input Output

1 agp, bo — — — —

2 aq, bl — — — —

3 | a2, by ai, ag - b1, bo -
4 | as,bs az, ag aio b2, bo b1o
5 | as,by as, ai aso b3, b1 bao
6 | as,bs as, az asy b3, bo b31
7 | ag,be ay, ag aso ba, bo b32
8 | ar, by as, ax a40 bs, b1 bao
9 — as, a4 as1 bs, by bs1
10 - ag, az 54 be, b2 bs4
11 - ag, a4 ag2 be, b4 be2
12 - ar,as a64 b7, b3 be4
13 - ar, as ars b7, bs br3
14 - ar, ag ars bz, bg brs
15 - as, azo aze b31, b2 bre
16 - as1, Q40 a3120 bs1, bao b3120
17 - ag2, a40 5140 be2, bao bs140
18 — ars, asy a6240 b73, bs1 be240
19 - ar3, ag2 a7351 b73, b2 b7351
20 - ars, ag4 a7362 b7s, bea br362
21 — | arss1,06240  arses | brasiybe2a0  Drsea
22 - - 73516240 - b73516240
23 | — - - - -
2 | — _ _ _ _
25 | — - - - -
2% | — - - - -
o7 | - - - - -
28 | — - - - -
29 | - - - - -
30 | - - - - -
31 | — - - - -
32 | — _ _ _ _
33 | — . . . -
34 | - - - - -




125

D.2.2 ACC

0D.6 RIKM O ACCOOOOODOOODOO (1/4)

Adder-Subtracterl

Adder-Subtracter2

Step | Input Input Output Input Output
1 pp0 — — —
2 ppl | p0,ppOL - pl, ppOL -
3 pp2 p4,ppOL p0+ ppOL | p5,ppOL  pl — ppOL
4 pp3 pl,ppOH  p4 — ppOL | p2,ppOH  p5 + ppOL
5 pp4 | p5,ppOH  pl +ppOH | p6,ppOH  p2 — ppOH
6 | pp5 | pl,pplL p5—ppOH | p2,pplL  p6 + ppOH
7 ppb p5,pplL pl —pplL | p6,pplL  p2 + pplL
8 pp7 p2,pplH  pd5+pplL | p3,pplH  p6 — pplL
9 pp8 p6,pplH  p2 —pplH | p7,pplH  p3 + pplH
10 pp9 p2,pp2L. p6 + pplH | p3,pp2L.  p7 — pplH
11 ppl0 | p6,pp2L.  p2 —pp2L. | p7,pp2L  p3 + pp2L
12 | ppll | p3,pp2H  p6 + pp2L. | p4,pp2H  p7 — pp2LL
13 | pp12 | p7,pp2H  p3 — pp2H | p8,pp2H  p4 + pp2H
14 | pp13 | p3,pp3L p7+ pp2H | p4,pp3L  p8 — pp2H
15 | ppld | p7,pp3L  p3+pp3L | p8,pp3L  p4d — pp3L
16 | ppld | p4,pp3H  p7 —pp3L | pb,pp3H  p8 + pp3L.
17 | ppl6 | p8,pp3H  p4d+ pp3H | p9,pp3H  pd — pp3H
18 | ppl7 | pd,ppdl.  p8 — pp3H | p5,ppdl  p9 + pp3H
19 | ppl18 | p8,ppdl.  p4d — ppdL | p9,ppdl.  pb + ppdL
20 | ppl9 | p5,ppdH  p8 + ppdL | p6,ppdH  p9 — ppdL
21 pp20 | p9,ppdH  pb —ppdH | p10,pp4dH  p6 + pp4H
22 | pp21 | p5,ppSL  p9 +ppdH | p6,ppSL  pl0 — ppdH
23 | pp22 | p9,ppSL  pb 4+ ppdL | pl0,ppdL  p6 — ppdL
24 | pp23 | p6,ppbH  p9 — ppSL | p7,pp5H  pl0 + ppbL
25 | pp24 | p10,ppbH  p6 + ppbH | p11,ppdH  p7 — ppSH
26 | pp25 | p6,pp6L  pl0 —ppSH | p7,pp6L  pll + pp5H
27 | pp26 | pl0,pp6L  p6 4+ pp6L | pll, pp6L  p7 — pp6L
28 — p7,pp6H  pl0 — pp6L | p8,pp6H  pll + pp6L
29 — pll, pp6H  p7+ pp6H | p12,pp6H  p8& — pp6H
30 — p7,pp7L  pll —pp6H | p8&,pp7L  pl2 + pp6H
31 — pll,pp7L  p7 —pp7L | pl12,pp7L  p8 + pp7L
32 — p8,pp7TH  pll + pp7L | p9,pp7TH  pl2 — pp7L
33 — pl2,ppTH  p8 — ppTH | p13,ppTH  p9 + pp7H
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0D.7 RIKMO ACCOOOOODOO0ODOO (2/4)

Adder-Subtracterl

Adder-Subtracter2

Step | Input Input Output Input Output
34 — pl,pp8L  pl2 4+ pp7H | p3, pp8L pl3 — pp7H
35 — p2,pp8H  pl 4 pp8L p4, pp8H p3 — ppSL
36 — p2,pp9L  p2 + pp8H p3, ppI9LL p4 — pp8H
37 — p3,pp9H  p2 4 ppI9LL p4, pp9H p3 — ppI9L.
38 — p3,pplOL  p3 + pp9H | p4, pplOL p4 — pp9H
39 — p4,pplOH  p3 — pplOL | p5,ppl0H  p4 + pplOL
40 — p3,ppllL  p4 —pplOH | pb,ppllL  p5+ pplOH
41 — p4,ppl1lH  p3 — ppllL | p6,ppllH  p5 + ppllL
42 — pd, ppl2L. p4 — ppllH | p5,ppl2L  p6 + ppllH
43 — p5,ppl2H  p4d 4+ ppl12L | p6,ppl12H  pb — ppl2L
44 — p5,ppl3L pb + ppl2H | p6,ppl3L  p6 — ppl2H
45 — p6, ppl3H  pb5 — ppl3L | p7,ppl3H  p6 + ppl3L
46 — p5,ppldL  p6 — ppl3H | p7,ppldL  p7 + ppl3H
47 — p6,ppldH  p5 — ppldL | p8,ppldH  p7 + ppldL
48 — p6, ppld5L  p6 — ppldH | p7,ppl5L  p8 + ppldH
49 — p7,ppl5H  p6 — ppl5L | p8,ppl5H  p7 + ppl5L
50 — p6, ppl6L  p7 — ppl5H | p7,ppl6L  p8 + ppl5H
51 — p7,ppl6H p6 — ppl6L | p8,ppl6H  p7 + ppl6L
52 — p7,ppl7L  p7 — ppl6H | p8, ppl7L  p8 + ppl6H
o3 — p8,pplTH  p7+ ppl7L | p9,pplTH  p8 — pplT7L
54 — p7,ppl8L  p8 + ppl7H | p8,ppl8L  p9 — ppl7TH
5% — p8,ppl8H  p7 + ppl8L | p9,ppl8H  p8 — ppl8L
56 — p7,ppl9L  p8 + ppl8H | p9,ppl9L  p9 — ppl8H
o7 — p8,ppl9H  p7 + ppl19L | p10,pp19H  p9 — pp19L
o8 — p3,pp20L  p8 + ppl19H | p7,pp20L  pl10 — ppl9H
59 — p5,pp21L p3 + pp20L | p7,pp2lL  p7 — pp20L
60 — p6, pp22L.  pb + pp21L | p7,pp22L.  p7 — pp21L
61 — p7,pp22H  pb6 + pp22L | p8,pp23L  p7 — pp22L
62 — p7,pp23L pT7+ pp22H | p8,pp23H  p8& + pp23L
63 — p7,pp24L.  p7 — pp23L | p9,pp24L.  p8 — pp23H
64 — p7,pp25L  p7 — pp24L | pl1,pp25L  p9 + pp24L
65 — p7,pp26L.  p7 — pp25L | p8,pp26H  pll 4 pp25L
66 — — p7 + pp26L — p8 + pp26H
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0D.8 RIKMO ACCOOOOODOOODOO (3/4)

Adder-Subtracter3

Adder-Subtracter4

Step | Input Input Output Input Output

1 pp0 — — - —

2 | ppl | p2,ppOL - p3, ppOL -

3 pp2 p6,ppOL  p2 — ppOL | p7,ppOL  p3 + ppOL
4 pp3 | p3,ppOH  p6 4+ ppOL | p4,ppOH  p7 — ppOL
5 | pp4 | p7,ppOH  p3 —ppOH | p8,ppO0H  pd + ppOH
6 | ppd> | p3,pplL  p7+ppOH | p4,pplL  p8 — ppOH
7 | pp6 | p7,pplL p3+pplL | p8,pplL  p4 — pplL
8 pp7 | p4d,pplH  p7—pplL | p5,pplH  p8+ pplL
9 pp8 | p8,pplH  pd+pplH | p9,pplH  p5— pplH
10 | pp9 | p4,pp2L.  p8 —pplH | p5,pp2L.  p9 + pplH
11 | ppl0 | p8,pp2L.  pd+ pp2L. | p9,pp2L.  p5 — pp2L
12 | ppll | p5,pp2H  p8 — pp2LL | p6,pp2H  p9 + pp2L,
13 | ppl2 | p9,pp2H  p5+ pp2H | pl0,pp2H  p6 — pp2H
14 | pp13 | pb,pp3L  p9 —pp2H | p6,pp3L  pl0 + pp2H
15 | ppld | p9,pp3L  pb —pp3L | pl0,pp3L  p6 + pp3L
16 | ppld | p6,pp3H  p9+ pp3L | p7,pp3H  pl0 — pp3L
17 | ppl6 | p10,pp3H  p6 — pp3H | p11,pp3H  p7 + pp3H
18 | ppl7 | p6,ppdL  plO+ pp3H | p7,ppdL  pll — pp3H
19 | ppl8 | pl0,ppdl.  p6 + ppdL | pll,ppdl.  p7 — ppdL
20 | ppl19 | p7,ppdH  pl0 — ppdL. | p8,ppdH  pll + pp4L
21 | pp20 | pll,ppdH  p7+ ppdH | p12,ppdH p8 — ppdH
22 | pp21 | p7,ppSL  pll —ppdH | p8,ppSL  pl2 + ppdH
23 | pp22 | pll,ppSL  p7 — ppSL | p12,ppSL  p8 + ppSL
24 | pp23 | p8,ppoH  pll + ppSL | p9,ppdbH  pl2 — ppSL
25 | pp24 | p12,ppbH  p8 — ppSH | p13,ppbH  p9 + ppSH
26 | pp25 | p8,pp6L  pl2 + ppSH | p9,pp6L  pl3 — ppSH
27 | pp26 | pl2,pp6L  p8 — pp6L | pl13,pp6L  p9 + pp6L
28 — P9, pp6H  pl2 4 pp6L | p10,pp6H pl3 — pp6L
29 — pl3,pp6H  p9 — pp6H | pl4,pp6H pl10 + pp6H
30 — p9,pp7L  pl3 + pp6H | pl10,pp7L  pld — pp6H
31 — pl3,pp7L  p9 + pp7L | pld,pp7L  pl0 — pp7L
32 — pl0,pp7H  pl3 — pp7L | pl11,ppTH pl4 + ppT7L
33 — pld, pp7TH  pl0+ ppTH | p15,pp7H pll — ppTH
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Adder-Subtracter3

Adder-Subtracter4

Step | Input Input Output Input Output
34 — p5, pp8L pld —pp™H | p7,ppSL plb + pp7H
35 — p6, pp8H pb5 — pp8L p8, pp8H p7 + pp8L
36 — p6, pp9LL p6 — ppS8H p7, pp9L. p8 + pp8H
37 — p7, pp9H p6 — pp9LL p8, pp9H p7 + ppIL
38 — p7, pplOL p7 — pp9H P8, pplOL p8 + pp9H
39 — p8,pplOH  p7 + pplOL | p9,pplOH  p8 — ppl0OL
40 — p7,ppllL  p8+ pplOH | p&,ppllL  p9 — pplOH
41 — p8,ppllH  p7+ ppllL | pl0,ppllH  p9 — ppllL
42 — p6,ppl2L.  p8 4+ ppllH | p7,ppl2L  pl0 — ppllH
43 — p7,pp12H  p6 — ppl2L | p8,ppl2H  p7+ ppl2L
44 — p7,ppl3L  p7—ppl2H | p8,ppl3L  p8 + ppl2H
45 — p8,ppl3H  p7+ ppl3L | p9,ppl3H  p8 — ppl3L
46 — p9,ppldl. p8 + ppl3H | pl0,ppldL  p9 — ppl3H
47 — pl0,ppldH  p9 + ppldL | p12,ppldH pll — ppl4L
48 — p8,ppld5L  pl0+ ppldH | p9,pplbL  pl2 — ppldH
49 — p9,ppl5H  p8 + ppl5L | pl0,ppl5H  p9 — ppl5L
50 — pl10, ppl6L  p9 4+ ppl5H | pll,ppl6L pl0 — ppl5H
51 — pll, ppl6H pl0+ ppl6L | p12,ppl6H pll — ppl6L
52 — p9,ppl7L  pll + ppl6H | p10,ppl7L pl12 — ppl6H
53 — pl0,ppl7TH  p9 — ppl7L | pll,ppl7H pl0 + ppl7L
54 — pll, ppl8L  pl0 — ppl7H | p12,ppl8L pll + ppl7TH
95 — pl2,ppl8H pll — ppl8L | p13,ppl8H pl2 + ppl8L
56 — pll,ppl9L  pl2 — ppl18H | p13,ppl9L pl13 + ppl8H
o7 — pl12,pp19H  pl1 — ppl19L | pl4, ppl9H pl13 + ppl19L
58 — p4, pp20H  pl2 — ppl19H | p8, pp20H pl4d + ppl19H
59 — p6,pp21H  pd 4+ pp20H | p8,pp21H  p8 — pp20H
60 — p8,pp22H  p6 + pp21H — p8 — pp21H
61 — p9,pp23H  p8& — pp22H — —

62 — — P9 + pp23H — —
63 — p8, pp24H — p10, pp24H -
64 — p8,pp25H  p8 — pp24H | p12,pp25H pl0 + pp24H
65 — — — pl2 + pp25H

66

p8 — pp25H




129

HRERERE

e J00D,0000,“FTOOO0OOOO VLSIOO,” 000000000
00, Vol.15, No.3, pp.385-401, Sep. 2005.
(0 30000000)

e S. Yazaki and K. Abe ,“VLSI Implementation of Karatsuba Algorithm and
Its Evaluation,” Proceedings of The International Workshop on Modern
Science and Technology 2006, pp.378-383, May 2006.

(0 40000000)

e S. Yazaki and K. Abe, “VLSI Design of Iterative Karatsuba Multiplier and
Its Evaluation,” Proceedings of The 4th IASTED International Conference
on Circuits, Signals, and Systems, San Francisco, pp.313-318, Nov. 2006.
(0 40000000)



130

Ooon

e S. Yazaki and K. Abe, “An Optimum Design of FFT Multi-Digit Multi-
plier and Its VLSI Implementation,” Bulletin of the University of Electro-
Communications, Vol.18, No.1 and 2, pp.39-46, Jan. 2006.

e J000,0000, “FFTO0000000N, 000000000000
(VLSIODOOODOO0), Vol.104, No.477, pp.163-168, Dec. 2004.

e JIOO,0000, “00 Fourier 0 ODOODOOOODODOOOODODOO
000 VLSIOODOO,, 00000ooooooo (VLSIooooooo),
Vol.103, No.476, pp.253-258, Nov. 2003.

e J00ODO,0000, “00 Fowrier 100 O0DOOOODOOOOODOOOODO
O0000DOO00oo, 0o00oboogbD e0O0000DbOODOOn, Vol6s,
No.1, pp105-106, Mar. 2003.



131

HRERERE

0000 (000 0000)

19780 60 120 O0OOOOOOO

20000 30O gobboo obob oodooo od

20020 30 ddddd U0 oo ooooobooo
gogoo od

20030 40 ddddd 00 o000 oooooboboo

ggono od



